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Abstract: Well-posedness is studied for a special system of two-point boundary value problem for evolution 
equations which is called a forward-backward evolution equation (FBEE, for short). Two approaches are 
introduced: A decoupling method with some brief discussions, and a method of continuation with some 
substantial discussions. Eor the latter, we have introduced Lyapunov operators for EBEEs, whose existence 
leads to some uniform a priori estimates for the mild solutions of EBEEs, which will be sufficient for the well- 
posedness. For some special cases, Lyapunov operators are constructed. Also, from some given Lyapunov 
operators, the corresponding solvable FBEEs are identified. 
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1 Introduction 


In this paper, we consider the following system of evolution equations: 


/ 

y{f) = Ayff) + h{t,y{t),if{t)), 

' ’’Pit) = -A*'ip{t) - g{t,y{t),'if{t)), 
^ y{Q) = X, fj{T) = h{y{T)), 


where A : 12(A) C X ^ X generates a Co-semigroup on a real Hilbert space X (identified with its dual 
A*), with 

(e^‘)* = e^**, t>0, 

being the adjoint semigroup generated by A* (the adjoint operator of A), and 6, g, and h being suitable 
maps. The above could be called a two-point boundary value problem, mimicking a similar notion for ordi¬ 
nary differential equations. We see that the equation for y{-) is an initial value problem which should be 
solved forwardly, and the equation for '0(-) is a terminal value problem which should be solved backwardly. 
Therefore, inspired by the so-called forward-backward stochastic differential equations (FBSDEs, for short, 
see [17, 25, 26] for details), we prefer to call (1.1) a forward-backward evolution equation (FBEE, for short). 
In common occasions, two-point boundary value problem is related to certain eigenvalue problems, for which 
the well-posedness of the problem might not be the goal, instead, one might be more interested in the exis¬ 
tence of solutions, not necessarily the uniqueness. See, for examples, [3, 32, 6], and see also [7] for some other 
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considerations. Whereas, in this paper, we are interested in the well-posedness of (1.1). On the other hand, 
our system has a special structure, involving one forward evolution equation and one backward evolution 
equation. Hence, we use the name FBEE to distinguish the current situation from other situations in the 
literature. 

A pair of functions (?/(•)i '0(')) is called a strong solution of (1.1) if these functions are differentiable almost 
everywhere, with the property 

yit) e V{A), r/>(f) e P(A*), a.e. t e [0, T], 

and the equations are satisfied almost everywhere. A pair (j/(‘)j'*/'(')) is called a mild solution (or a weak 
solution) to FBEE (1.1) if the following system of integral equations are satisfied: 

\ y(t) = e^*x+ [ e^i‘“®i&(s,?/(s),?/>(s))ds, 

(1.2) ->0 ^ tG[0,T]. 

^ tjj(t) = e^*i'^"‘i/i(?/(T)) + e^*i®“*i 5 (s, y{s), ilj{s))ds, 

Note that in the case A is bounded, (1.1) and (1.2) are actually equivalent, and thus, a mild solution 
{y{-),tp{-)) is actually a strong solution. 

Our study of the above system is mainly motivated by the study of optimal control theory. It is known 
that for a standard optimal control problem of an evolution equation with, say, a Bolza type cost functional, 
by applying the Pontryagin maximum/minimum principle, one will obtain an optimality system of the above 
form whose solution will give a candidate for the optimal trajectory and its adjoint ([14]). Therefore, 
solvability of the above type system is important, at least for optimal control theory of evolution equations. 

Roughly speaking, when T is small enough, or the Lipschitz constants of the involved functions are small 
enough, one can show that FBEE (1.1) will have a unique mild solution, by means of contraction mapping 
theorem. On the other hand, if (1.1) is the optimality system (obtained via Pontryagin maximum/minimum 
principle) of a corresponding optimal control problem which admits an optimal control, then this FBEE 
admits a mild solution, which might not be unique. Further, if the corresponding optimal control has an 
optimal control and the optimality system admits a unique mild solution, then this solution can be used to 
construct the optimal control(s). Hence, under proper conditions, FBEE (1.1) could admit a (unique) mild 
solution, without restriction on the length of the time horizon T, and/or the size of the Lipschitz constants 
of the involved functions. This is actually the case if the FBEE is the optimality system of a linear-quadratic 
(LQ, for sort) optimal control problem satisfying proper conditions ([14]). 

In this paper, we will study the (unique) solvability of FBEE (1.1) under some general conditions. Two 
approaches will be introduced: decoupling method and method of continuation. The former is inspired by 
the so-called invariant embedding which can be traced back to [1, 5, 4]. Such a method was used in the study 
of FBSDEs (see [15, 17], for details). The latter is inspired by the method of continuity for elliptic partial 
differential equations (see, e.g. [10]), and FBSDEs ([11, 25, 19, 26]). Due to the nature of FBEE (1.1), some 
technical difficulties exist in applying either of these methods. We will briefly present some main idea of the 
decoupling method and will relatively more carefully present the method of continuation. 

The rest of this paper is organized as follows. In Section 2, we will present some preliminary results, 
including a main motivation from optimal control theory. Linear FBEEs are carefully discussed in Section 3. 
In Section 4, a brief description on the decoupling method will be given. In Section 5, we will introduce the 
so-called Lyapunov operator which is adopted from [26] (for FBSDEs). The existence of Lyapunov operators 
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lead to some uniform a priori estimates for the mild solutions of our FBEE. Well-posedness of FBEEs will 
be established in Section 6. In Section 7, we will construct some Lyapunov operators through which some 
well-posed FBEEs will be identified. In Section 8, we briefly discussed some extensions of our main results. 
In Section 9, several illustrative examples will be presented. Einally, some concluding remarks will be made 
in Section 10. 


2 Preliminaries 

Throughout of this paper, we let X be a separable real Hilbert space, with the norm || - || and the inner 
product (•,•)■ We identify the dual X* with X. The set of all bounded linear operators from X to itself is 
denoted by C{X). The set of all self-adjoint operators on X is denoted by §(X) and the set of all positive 
semi-definite operators on X is denoted by §^(X). Eor the notational simplicity, when there is no confusion, 
we will not distinguish between A and XI (for any A G K). Eor example, we use A — H to denote XI — A. 
Also, if F is in §+ (X), we denote it by F ^ 0; if F — c/ ^ 0, we simply denote it by F ^ c, and F ^ c means 
—F ^ —c. Next, we denote 

C'([0,r];X) = jy : [0,F] —>■ X I y{-) is continuousj, 

and 

||2/(-)lloo= sup \\yit)\\, V 2 /(-) € C'([0,F];X). 

te[o.T] 

For convenience and definiteness of our presentation, we introduce the following standing assumptions: 
(HO)' A : T>{A) C X ^ X generates a Co-semigroup on X. 

(HO) In addition to (HO)', either 

(2.1) A* = A, 
with the spectrum <j{A) C R of A satisfying 

(2.2) supcr(A) = supReCT(A) = —uq < 0, 
or 

(2.3) A* = -A, 
for which it holds: cr(A) C iR and thus 

(2.4) supRecr(A) = (Tq = 0. 


Case (2.1) corresponds to the heat equation (or second order parabolic equations) with proper lower 
order terms and proper boundary conditions. Case (2.3) corresponds to the wave equation (or second order 
hyperbolic equations) with proper boundary conditions, without damping. Some extensions of the results 
presented in this paper are possible. But for the moment, we prefer not to get into the most general situations, 
for the simplicity of our presentation. We should keep in mind that for the case A* = A, one has (Tq > 0 and 
for the case A* = —A, one has cto = 0. 


Let us now look at our main motivation of studying our FBEEs. Consider the following controlled system: 


y{t) = Ay{t) + f{t, y{t), u{t)), t G [0, T], 

2 /( 0 ) = X, 
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with cost functional of Bolza type: 

(2.6) J{x;u{-))=[ f{s,y{s),u{s))ds + f{y{T)). 

Jo 

In the above, f : [0,T] x X x U ^ X, : [0,T] x X x U ^ M., : X M. are suitable maps, with U 

being a separable metric space. We call x € X an initial state, u(-) a control, and y{-) a state trajectory, 
respectively. Denote 

U = [u ■. [t),T] ^ U \ u{-) is measurable}. 

This is the set of all admissible controls. Under some mild conditions, for any x £ X and it(-) € U, state 
equation (2.5) admits a unique mild solution y{j = y{- ;x,u{-)), i.e., the solution to the following integral 
equation: 

(2.7) y(t) = e^^x-\- [ e^^^~^'^f{s,y{s),u{s))ds, te[0,r], 

and the cost functional J(x;u{-)) is well-defined. Then one can pose the following optimal control problem. 
Problem (C). For any initial state x € X, find a u(-) gU such that 

(2.8) J(x;u(-)) = inf J(x;u(-)). 


Any u(-) € U satisfying (2.8) is called an optimal control, the corresponding y(-) = y{- •,x,u{-)) is called 
an optimal state trajectory and (!/(•),'u(-)) is called an optimal pair. 

With the above setting, we have the following standard result. To simplify the presentation, we assume 
that the involved maps /, /*^, have all the required measurability and smoothness. The readers are referred 
to [14] for details. 

Proposition 2.1. (Pontryagin’s Minimum Principle) Let (HO)' hold and let {y{-),u{-)) be an 
optimal pair of Problem (C). Then the following minimum condition holds: 


(2.9) {'ip{t),f{t, y{t),u{t))) -f f{t, y{t),u{t)) = min [(•0(t), /(t, y{t),u)) + f{t, y{t), u)], tG [0, T], 

u^U 

where '0(-) is the mild solution to the following adjoint equation: 


( 2 . 10 ) 


V'(i) = -A*tj{t) - fy{t,y{t),u{t))*ilj{t) - fy{t,y{t),u{t)), t G [0,r], 


j,(T) = fl{y{T)), 
I.e., the following holds: 


(2-11) ijit) = ^'>f^{y{T)) + fy{s,y{s),u{s))*'ilj{s) + f°{s,y{s),u{s)) ds, tG[0,T]. 


Note that (2.5) and (2.10) form a system with the minimum condition (2.9) bringing in the coupling. 
Suppose there exists a map (p : [0,T] x X x X U such that 


(V’, /(i, y, Tit, y, '0))) + fit, y, ft, y, f) = min {tj, f{t, y, u)) + fit, y, u) 

' ' uGU L 
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Then we obtain the following system (dropping the bar in y{-)) 


y{t) = Ay{t) + f{t, y{t), y{t), V'(t))), t G [0, T], 

(2.12) I - fy{t,y{t),y:>{t,y{t),'tlj{t)))*ilj{t) - f°{t,y{t),y^{t,y{t),tlj{t))), tG[0,r], 

[y{0) = x, V'(r) =/ 1 ( 2 /(T)). 

This is called the optimality system of Problem (C), which is an FBEE of form (1.1) with 


1 gi't.y,'^) = fv{t,y,‘p{t,y,i))yili + f°[t,y,if{t,y,ili)), 
i ^(y) = fyiy)- 

If (y(-)iV’(')) i® ^ mild solution of FBEE (2.12), then ?/(•) will be a candidate of optimal trajectory and 
ip {-, 2 /(-),'0(-)) will be a candidate of optimal control. 

Let us now look an interesting special case of the above. To this end, we let U also be a real Hilbert 
space, and 

f{t,y,u) = F{t,y) + B{t)u, f\y) = G{y), 

X 

f{t,y,u) = Q{t,y) + {S{t)y,u) + -{R(t)u,u), 

for some suitable maps F {-, •), B{-), G(-), Q{- , •), S'(-), and !?(•)• Then the state equation becomes 
1^2 iyit) = Ayit)+Fit,y{t))+B{t)u{t), tG[0,T], 

\ 2 /( 0 ) = X, 

and the cost functional takes the form: 


(2.14) 


J(x;«(•))= / Q{y{t)) + {S{t)y{t),u{t)) +-{R{t)u{t),u{t)) dt + G{y{T)) 


Note that the right-hand side of the state equation is affine in it(-) and the integrand in the cost functional 
is up to quadratic in u(-). We therefore refer to the corresponding optimal control problem as an ajfine- 
quadratic optimal control problem (AQ problem, for short). For finite-dimensional case, general AQ problem 
was studied in [24]. In current case, the adjoint equation reads 


I yy) = -A*ip{t) - Fy(t, y{t))*ip{t) - Qy{t, y(t)) - S(t)*u(t), t G [0, T], 
\ ^{T) = Gy{y{T)). 

By the minimum condition 


{^{t),B{t)u{t)) + {S{t)y{t),u{t)) + -{R{t)u{t),u{t)) 


= mm 
u€U L 


{y{t):B{t)u) + {S{t),u) + -{R{t)u,u) , tG[0,r], 


we obtain, assuming the invertibility of i?(t), 

u{t) = -R{t)-^ [B{trm + ^(t)2/(0], t G [0, T]. 
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Therefore, the corresponding optimality system reads as follows: 


m = Ay{t) + F{t, y{t)) - S{t)y{t) - 

m = - [QvY.ym -s{trR{t)-^s{t)y{t)\ - [Fy{t,y(t)r -s{trR{t)-^B{tr]m, 

2/(0) =x, YiT) = GyijjlT)). 


When 

{ y ^ F{t, y) is linear, 

y 1-0 Q(t, y), y^ G{y) are convex, 

the corresponding optimal control problem is referred to as linear-convex problem, which was studied in 
[28, 29, 30]. See also [31] for some investigations on finite-dimensional two-person zero-sum differential 
games of linear state equation with non-quadratic payoff/cost functional where the convexity of ?/1—> Q(t, y) 
and y i—?> G{y) were not assumed. Further, if 

F{t,y)=0, Q{t,y) = ^{Q{t)y,y), G{y) = ^{Gy,y), 

for some Q : [0,T] S(X) and G € the problem is reduced to a classical LQ problem. In this case, 

the optimality system becomes the following linear FBEE: 

f y{t) = [A- B{t)R{t)-^S{t)]y{t) - B{t)R{t)-^B{trm. 

(2.15) J Yit) = -[A-B{t)Rit)-^Sit)]*m-[Qit)-S{tyRit)-^S{t)]y{t), 

i2/(0)=x, Y(T) = Gy(T). 

It is known that under the following conditions: 

(2.16) R{t) ^ 51, Q{t) - S(t)*R{t)-^S(t) ^0, t€ [0,T], G ^ 0, 

the map u{-) i-O- J(a;; u{-)) for the current LQ problem is uniformly convex, and the above linear EBEE (2.15) 
admits a unique mild solution {y{-),ip{-)) ([14]). 

Next, we note that under (HO)', by Hille-Yosida’s theorem, there exist M ^ I and w G R such that 

(2.17) ||(A-H)-"|| ^ VA>a;, n^l, 

and the Yosida approximation A\ of A is well-defined: 

(2.18) Ha = AH(A-H)-\ A>a;. 

By making a shifting and absorbing a relevant term into b{t,y,tjj) (see (1.1)), we may assume that a; = 0 in 
the above. Then by [21], we may assume the following: 

Vf>0, 

( 2 . 19 ) < Mas: - Ax\\ =0, Vx G T’(^), 

lim sup \\e^^^x — =0, Va; G X. 

, A-).oo tg[o,T] 

Now, let us look at (HO). It is clear that under condition (2.1), one has 

(Hx, x) < —(To||a;||^, 'ix &V{A), 


( 2 . 20 ) 
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and under (2.3), one has 


( 2 . 21 ) 


(Aa;,a;) = 0, Vcc € X>(A). 


The following simple result is concerned with the Yosida approximation A\ of A, under (HO). 
Proposition 2.2. If (2.1) holds, then 


( 2 . 22 ) 


(Ha^, x) < - ||x|p, Vx G Y, A > 0. 

A + CTq 


If (2.3) holds, then 


(2.23) 


((Ha + H^)x,x) ^ 0, Vx G Y, A > 0. 


Proof. Under (2.1), A admits the following spectral decomposition ([8]): 

(2.24) Hx = / ^dEfj_x, Vx G 2A(H), 

Ja{A) 

where /x i—)• is the projection-valued measure associated with A, and (t(H) C (— oo, —cto] is the spectrum 

of A. Consequently, 



Since the map fi i-A- is increasing on (—oo, —cto], we have 



Now, let (2.3) hold. We let X = Y -|- iX be the complexification of Y, i.e., 

X={x-|-x?/|x, j/GY}, 

with the following definition of addition, scalar multiplication, and inner product: 

(x -h iy) + (x+ iy) = {x+ x) + i{y -h Vx, y,x,y G X, 

(a -I- i/3)(x -|- iy) = {ax — j3y) + i{ay -|- j3x), Va, /3 G K, x,y G X, 

{x + iy,x + iy) = (x,x) -f {y,y) +i{{y,x) - {x,y)), 'ix,x,y,y G X. 

Naturally extend H to A : T’(A) C X —>• X as follows 


V{A) = V{A) -h iV{A) C X, 

A(x -I- iy) = Ax iAy, Vx -I- ly G T’(A). 


Then under (2.3), we have 

(A(x -h iy),x + iy) = {Ax + iAy,x + iy) = (Hx,x) -h {Ay,y) +i{{Ay,x) - {Ax,y)) 
= -(x. Ax) - {y. Ay) - i{y, Ax) - (x. Ay) = -{x + iy, A(x -h iy)), 


which implies that 


A* = -A. 
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Hence, A admits the following spectral decomposition: 


Az = / Vz £ 'D{A), 

with cr(A) C iR. Consequently, for any A > 0, 


((Aa + A^)z,z) - 


[ 

' Xfi Xg. ' 

}a(A) 

-A — fi X fi. 


/ 

J ai 


2A|/rp 


d\\Ei.zf 


c?||i?^z||^ <0, z = a; + ly G X. 


Note that for any x € X, if 
with x,y € X, then 


t(A) + |yp 

(A — A)“^a; = z = x + iy, 

X = {X — A){x + i^ = {X — A)x + i{X — A)y. 


Hence, we must have 

x = {X — A)~^x, y = 0. 

Consequently, 

Axx = Aax, Vx £ X. 

Likewise, 

Alx = Alx, yx £ A. 

Hence, (2.23) follows. □ 

To conclude this section, let us introduce some assumptions on the coefficients of FBEE (1.1). 

(HI) The maps b,g : [0,T] x A x A —>■ A and /i : A —>■ A are continuous, and the map {y,ip) 
is locally Lipschitz. 


(H2) In addition to (HI), let the map (y,'*/') {b{t,y,'tlj), g{t,y,tp),hiy)) be uniformly Lipschitz and of 

uniformly linear growth, i.e., there exists a constant L > 0 such that 


||6(t,0,0)|KL, t£[0,r], 

- Kt^y,' 4 ’)\\ ^ L\\y - i/ll +-b||V' - ^||, vt £ [o,t], y,y,V',V' e a. 


(2.26) 

and 

(2.27) 


||y(t, 0 , 0 )|KL, t£[o,r], 

\\9it,y,'<P) - 9it,y,'<P)\\ ^ L\\y-y\\ + vt £ [o,r], y,y,V’,'0 e a, 

WHy) - ^ L\\y - y\\, Vy,y£A. 


(H3) In addition to (HI), let the map (y,'0) i-A {b{t,y,tp),g{t,y,'tlj),h{y)) be Frechet differentiable, with 
continuous Frechet derivatives. 

Note that (H3) is neither stronger nor weaker than (H2), since the Frechet derivatives y^,, y^, hy, if 

they exist, are not necessarily uniformly bounded. We let Qi, Q 2 , Q 3 be the set of all (6, y, h) satisfying (HI), 
(H2), and (H3), respectively. Any {b,g,h) £ Qi uniquely generates an FBEE (l.I) (without mentioning the 
well-posedness). Hence, any (6,y, h) £ Qi is called the generator of an FBEE of form (I.l). 







3 Linear FBEEs 


In this section, we consider the following linear FBEE: 

(3.1) 


y{t) = Ay{t) + Bii{t)y{t) + + 6o(t), 

ip(t) = -A*'il){t) - B 2 i{t)y{t) - B 22 {t)'il){t) - gait), 
. y(0) = a;, = Hy{T) + ho, 


t G [o,r], 


with 

(3.2) 


i?„(-) GL°°(0,T;£(X)), *,j = l,2, 

bo{-),9o{-)&L\Q,T-X), HgC{X), ho€X. 


The above is a special case of (1.1). A pair (y('), ipi')) is called a mild solution to (3.1) if the following holds: 

y{t) = e^*x+ f [Bii(s)y(s) + Bi2(s)V'(s) + 6 o(s)]ds, 

■>0 ^ t€[ 0 ,T]. 

[Hy(T) + ^o] + ^ ^B2i{s)y{s) + B22(s)V'(s) + 5 o(s)] ds, 

Our first result is the following. 

Proposition 3 . 1 . Let (HO)' and (3.2) hold. Then FBEE (3.1) admits a mild solution if the following 
operator: 

!-)• ?/>(•) - J ^$22(T, ■)H^ii{T,s) + d>22(r, •).B2i(r)$ii(r, s)dr^Hi2(s)V'(s)fis 

is invertible on C{\ 1 },T]-, X), where $ii(-, •) and $22(-, •) are evolution operators generated by A + i?ii(-) 
and A* + B22{-), respectively. 

Proof. By the variation of constants formula, we have 

y(t) = ^ii(i, 0 )x+ [ ^ii{t,s)[Bi2{s)'tl;{s) -\-bo{s)]ds, 

Jo 


and 


if it) = ^22{T,t)[Hy{T) + ^o] + ^ ^22{s,t)[B2i{s)y{s) + go(s)]ds 


= $5 


pT 

$ii(r,0)a; + J d>ii(T,s)(^Hi2(s)V'(s) + &o(s))ds +iio| 

+ ^22{s,t) H2i(s)(^$ii(s,0)a; + J ^ii{s,r)[Bi2{r)ilj{r) + bo{r)]dr'j + gois) 

[ (^22{T,t)H^ii{T,s) + [ ^22{r,t)B2i{r)^ii{r,s)dr\Bi2{s)'tp{s)ds 

lo ^ JsVt ^ 

+ ($22(T, t)il$ll (T, 0 ) + ^ $22 (s, t)H21 (s)$ii (s, 0 )ds) X 

+ [ ($22(T,t)iJ$ii(T, s) + / ^22{r,t)B2i{r)^ii{r,s)dr']bo{s)ds 

Jo ^ JsVt ^ 

+ ^22{s,t)go{s)ds + ^22{T,t)ho, tG[ 0 ,T]. 


ds 
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The above is a Fredholm integral equation for '0(-) of the second kind. By our assumption, it has a unique 
solution. Then our result follows. □ 

Next, we consider a special case: A* = —A. For such a case, we have that 


(3.3) 





generates a Co-group = 




on X X X. Hence, if we denote 


(3.4) 





then A -f ]B(-) generates an evolution operator $(•, •) on X x X. The following result concerns the well- 
posedness of the corresponding linear FBEE. 


Proposition 3 . 2 . Let A* = —A and (3.2) hold. Then linear FBEE (3.1) admits a unique mild solution 
(?/(•), '0(-)) for any ho € X if and only if 


(3.5) 


(-H,/)$(r,0) 



e £(x X X). 


Proof. Suppose (3.1) admits a unique mild solution. Then we have 



with '0(0) undetermined. By the condition at t = T, we have 


[o,T], 


ho = -Hy{T)+'iP{T) = i-H,I) 


y{Ty 


= (-if, f)$(r, 0) r j 0(0) + (-ff, /)S(r, 0) r j x -f ^ (-if, f)$(i, s) 


ba{s) 

-9o{s), 


ds. 


Hence, in order for any ho G X the above uniquely determines 0(0), we need (3.5). Conversely, if (3.5) holds, 
one obtains 


(3.7) 0(0) 


(-ff,f)8(T,0) 



ho - {-H, IMT, 0){ ]x- i-H, IMh s) 



Erom this we obtain the mild solution (j/(-),0(-)) of EBEE (3.1). □ 

We note that in principle, condition (3.5) is checkable, although it might be practically complicated. We 
also note that, in the above, the condition that A* = —A, or is a group, plays an essential role. It seems 
that if is not a group, the arguments used above will not work (since 4>(-, •) in the above might not be 
defined). 
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We now return to the general linear FBEE (3.1) (without assuming (HO)). Suppose (2/(-)i V'(')) is a 
strong solution to linear EBEE (3.1). Inspired by the well-known invariant imbedding idea ([4, 15, 27, 16]), 
we suppose that the following relation holds: 


=F{t)y{t)+p{t), te[0,T], 

for some Frechet differentiable functions P : [0,T] — C{X) and p : [0,T] —>■ X. Then, formally, we should 
have 

-A*[F{t)y{t)+p{t)] - B 2 i{t)y{t) - B 22 {t)^{t)y{t) + p[t)\ - go{t) = 

= H't)y{i) +^{t)[^y{t) + Bii{t)y{t) + Bi 2 {t)[F{t)y{t) + p{t)] + &o(0) +P(*) 

= (F{t)+F{t)A + F{t)Bii{t)+Fit)Bi 2 {t)F{t))yit)+F{t)Bi 2 it)pit)+Fit)bo{t)+p{t). 

Hence, 

0 = ^]P’(t) -l- F{t)A kl*P(t) -|- F{t)Bii{t) B22{t)F{t) F{t)B 12{t)F{t) i?2i(t)^ t/(t) 

+p{t) + A*p{t) + {F{t)Bi 2 {t) + B 22 {t)^p{t) + F{t)ho{t) + go{t). 

This suggests that we choose P(-) satisfying the following: 

(3 8) / F{t)A H*P(t) -|- F{t)Bii{t) -|- B22{t)F{t) P(t)Hi2(t)P(t) -I- B2i{t) = 0, t G [0, T], 

1 nT) = H, 

and choose p(-) satisfying 


p{t) + A*p(t) + (F(t)Bi 2 (t) + B 22 {t)^p{t) + P(t)6o(t) -h go{t) =0, tG [0,T], 

p{T) = ho. 


Equation (3.8) is called a differential Riccati equation. Any P : [0,T] —>■ C{X) is called a mild solution of 
(3.8) if the following integral equation is satisfied: 


(3.10) 


P(t) = P(s)Hii(s) -h H 22 (s)P(s) 

+P(s)Hi 2 (t)P(s) +H 2 i(s)le^("-‘)ds, t G [0,r]. 


Note that if A is bounded, (3.8) and (3.10) are equivalent. Eurther, recalling that <I’ii(-, •) and <I’ 22 (-, •) are 
the evolution operators generated by A -|- Buf) and A* + B 22 i-), respectively, one sees that (3.10) is also 
equivalent to the following: 


(3.11) P(t) =$22(T,t)i7$ii(T,t)+ / $ 22 (sA) P(s)Bl 2 (t)P(s) + H 2 l(s) $ll(s,t)ds, tG[0,T]. 


Jt 

Having the above derivation, we now present the following result. 

Proposition 3 . 3 . Let (HO)' and (3.2) hold. Let Riccati equation (3.8) admit a unique mild solution 
P : [0, T] 1^{X). Then linear FBEE (3.1) admits a unique mild solution (t/(-), ipi-))- 

Proof. For any A > 0, consider the following: 







tG [0,T], 
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where, with the mild solution P(-) of the Riccati equation (3.8), 

Q(s) = P(s)Rii(s) + i? 22 (s)IP(s) + P(s)i?i 2 (t)P(s) + B 2 i{s). 
Clearly, Pa(-) is uniformly bounded (by noting (2.19)). Moreover, for any x G X, 


||PA(t)a;-P(t)a;|| < 

+ / ||e^^('*-‘)Q(s)e"^^('*-‘)a;-e'^*(*-*)Q(s)e^("-‘)a;||ds 

+ (||e^^(*-‘)Q(s)[e^"("-‘)a; - || + ||e^>("-‘)Q(s)e^("-‘)a; - e"^*("-‘)Q(s)e^("-‘)a;||)ds 






*)Q(s)e^(®-*)x||)ds^0. 


Hereafter, K > 0 represents a generic constant which can be different from line to line. Note that Pa(-) also 
solves the following Lyapunov equation: 


(3.12) 


I PA(t) + PA(i)^A + Al¥x{t) + Q(t) =0, tG [0,T], 
\ Pa(T) = H. 


Now, we let p\{-) be the solution of the following: 
(3.13) 


I p\{t)+Alpx{t)+[Fx{t)Bi 2 {t) + B 22 {t)]px{t)+Vx{t)bo{t)+go{t) =0, tG [0,r], 
1 Pa('P) = ho, 


It is clear that 

|bA(-)l|oo < OO. 

We estimate 

|bA(i)-p(I)|| ^ 

+ J |||e^^^'*“*^(^PA(s)Bi 2 (s) + H 22 (s))pa(s) - e^*^'’“*)(^P(s)Bi 2 (s) + ^22(5 

+ e^^('’"*)(^PA(s)&o(s)+5o(s)) - e^*^'’"*)(^P(s)6o(s)+ffo(s)) ||}ds 

^ + j I e^^^®“‘^(^PA(s)Bi2(s)+^ 22 ( 5 )) (pa(s)- p(s)) 

_ e^As-t)^ (P(s)i?i2(s) + H22(s))p(s) 

Axi^-t) ^P;^(s) - P(s)j (Hi 2 (s) + R 22 (s))p(s) 

_ e^As-t)^ (p(s)6o(s) + 5o(s)) || + 

|R:|bA(s)-p(s)|| + (®“‘))(P(s)Hi2(s) + H22(s))p(s) 


gA^(s _p(g)^5p(g)|||(^g 


Al{s-t) _ A*{s-t 


e^*(s (]P{s)bo{s) + go{s)) 


+k(^ (Pa(s) - P(s)) (Hi2(s) + B22{s))p{s) 


(Pa(s) - P(s))6o(s) jjds. 
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Then by Gronwall’s inequality, we have 


\\px{t) - p{t)\\ ^ *^ho-e^ *'>ho\\ 

I {II (P(s)i?i2(s) + B22(s))p(s) 

_ ^A^is-t)^ (p(s)&o(s) + 5o(s)) 

(Pa(s) - P(s)) (Si 2 (s) + B 22 {s))p{s) 


+ 


Now, let y\{-) be the solution to the following: 


a(s) - P(s))6o(s) jds-S'O. 


yx{t) = Axyx(t) + Bii{t)yx(t) + Bi 2 {t)[¥xit)yxit) + pxit)] + bo(t), t e [0,T], 
2/a(0) = X. 

By the convergence of Pa(-) ^ P(-) and px{-) p{-), we have 

lim ||?/a(-) -2 /(-)IIoo = 0. 

Define 


A— 


ipx{t) =¥x{t)yx{t) + px{t). 


Then one has 


f y\{t) = Axyx{t) + Bii{t)yx{t) + Bi 2 (t)-ii)x{t) + bo{t), 
\ 2/a(0) 


= X, 


and 


where 


Since 


ipxit) = Fx{t)yx{,t) + ¥x{t)yx{t) + px{t) 

= — ^PA(t)^A + ^A^A(t) + P(t)Sii (t) + B22 + P(t)-Bi2 (t)P(s) + B2l{t)^ y\{t) 

+Px{t)^Axyxi.t) + Bii{t)yx{t) + Bi2{t) Fx{t)yxi.t) + px{t) + 6 o( 0 } 

- A\px{t) + {¥x{t)Bi2{t) + B22{t)^Px{t) + ¥x{t)bo{t) + go{t) 

= -^x[^x(t)yxit) +Pxit)] - B2iit)yxit) - B22it)[¥(t)yxit) + Pxit)] - goit) 

+ [PA(t) -¥{t)]Bii(t)yxit) + [¥xit)Bi2it)¥x(t) -¥{t)Bi2it)¥(t)]yxit) 

= -A*xipx{t) - B2i{t)yx{t) - B22{t)il)x{t) - goit) + Rxit), 

Rx{t) = ([PA(i) -P(t)]Bii(t) + [PA(t)Bi2(t)PA(t) -¥it)Bi2it)¥{t)]'^yxit). 


PaWII ^ K\\yxit)-yit)\\ + ||([PA(t) - P(<)]Bn(t) + [Pa WB 12 WPa W - P(i)Si 2 (W)]) 2/W 
s: K\\yxit) - y{t)\\ + ||[PA(t) -¥it)]Biiit)yit)\\ 

+ ||[PA(t) -P(t)]Bi2(W)2/(t)|| + ||PAWSi2W[PA(i) -PW]2/WII 
K\\yxit) - yit)\\ + ||[PA(i) -¥{t)]Bii{t)y{t)\\ 

+ 11 [Pa(<) - P(t)] B,2imt)ym + K\\ [PaW - P(t)] ym -A 0, 
we see that 

’^xi-) -A- ipi-), 
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and (2/(-)i'*/'(■)) is a mild solution to FBEE (3.1). □ 

Now, a natural question is when the Riccati equation (3.8) admits a mild solution. Let us rewrite the 
Riccait equation as follows: 


(3.14) 


F{t) — $ 22 ( 1 ’, t)iL$ii(T, t) + ^22{s,t)B2i{s)^ii{s,t)ds 

+ 4)22(5,t)P(s)i?i2(s)P(s)<i>ii(s,t)ds, te[o,r]. 


A trivial case is i?i 2 (-) = 0 for which the above equation is linear and it always has a solution, under (HO)' 
and (3.2). In general, we have the following result. 


Proposition 3.4. Suppose (HO)' and (3.2) hold. 


(i) Equation (3.14) admits at most one solution P(-) € C([0, T]; £(A)). 

(ii) Suppose in addition that 


(3.15) 


B22{t) = Bn{t)*, te[ 0 ,T], 


and 


(3.16) 


H € S+(A), -Hi2(-),B2i(-) € L“(0,T;S+(A)). 


Then Riccati equation (3.14) admits a unique solution P(-) S (^([O, T]; §+(A)). 

Proof, (i) Suppose P(-),P(-) G C{\Q,T]] C{X)) are two solutions to (3.14). ThenP(-) =P(-)—P(-) satisfies 
the following: 


P(i) = / 4 > 22 (s,t) P(s) 5 i 2 (s)P(s) - P(s)Hi2(s)P(s) $ii(s,t)ds 


= / 4 > 22 (s,t) P(s)Ri2(s)P(s)+P(s)Ri2(s)P(s) 4 >ii(s,t)ds. 


Here, we note that P(-) = P(-) + P(-)- Hence 


IP(s)Bi2(s)P(s) - P(s)i?i 2 (s)P(s) = 
= P(s)Hi2(s)P(s) + P(s)i?i 2 (s)P(s). 
Then by Gronwall’s inequality, we obtain that 


(s)+P(s) ili2(s)P(s) - P(s)Hi2(s) P(s)-P(s) 


(ii) Under our conditions, we have 


A* +B22{-)=[A + B^^{-)\*. 


Hence, 


4)22(' , •) = 4>ii(-, •)*, 


and (3.8) can be written as 


f P(t)+P(t)[A + Rn(<) + Hi2(t)P(t)] + [A + Bnit) + B, 2 {t)nt)]*¥{t) 

(3-17) < +P(t)[-Hi 2 (t)]P(t) + H 2 i(t) = 0, <e[o,r], 

[ P(T) = H, 
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We now let 


Po(t) = 0 , te[0,T], 


and let P„+i(-) be the mild solution of the following Lyapunov equation; 



Observe the following: 


0 — Pn+l(t) — Pn(t) + [Pn+l(t) ~ Pn(t)] + ^ll(t)] + [A + [P„+i(t) — Pra(t)] 

+P„+l(t)Sl 2 (t)Pn(t) + PTi(t)Bi2(t)P„+l(t) - P„(t)-Bi2(t)P„_l(t) - P„_i(t)-Bi2(t)P„(t) 
-Fn{t)Bi2{t)Pn{t) + ¥n-l{t)Bi2{t)Fn-l{t) 

= Pn+l(t) ~ Pr!,(t) + [Pn+l(t) ~ Pn(t)] + Bii{t) + i?i2 (t)P„ (t)] 

+ [A + Bii{t) + i?i2(t)Prt(t)] [P„+i(t) — Pn(t)] + [Pn(t) ~ Pn-l(t)] Bi 2 {t) [P„(t) — P„_i(t)] . 
This implies that 

P„+i(t) ^ P„(<), te[0,T], n ^ 1. 

On the other hand, from (3.18), one has 

P„(t)>0, Vt e [0,r], n ^ 1. 

Hence, by [22, 18] for any t G [t,T], there exists a P(t) G §+(X) such that 
(3.19) lim ||P„(t)a: — P(t)a;|| = 0, \/x € X. 


Note that for any x G X, 



-P„(s)Hi2(s)P„(s) ^ii{s,t)xds, tG[ 0 ,r]. 
Thus, making use of (3.19), we obtain that P(-) is a mild solution to (3.14). 


□ 


Let us look at linear FBEE (2.15) resulting from linear-quadratic optimal control problem. We rewrite 
(2.15) below: 

f y{t) = Ay{t) - B{t)R{t)~^S{t)y{t) - B{t)R{t)-^B{t)*ij;{t), 

(3-20) \ ^{t) = -A*m - [Q{t) - S{trR{t)-^Sit)] y{t) + S{trR{t)-^B{trij{t), 

[ y(0) = a:, i^{T) = Gy{T). 


1 


Note that 


R{t)-^SI, VtG[ 0 ,r], 


which leads to the existence of R{t) Hence, 


Bn{t) = -B{t)R{t)-^S{t), Hi2(t) = -B{t)R{t)-^ B{t)*, 

B2i{t) = [g(t) - S{t)*R{t)-^S{t )], B22{t) = -S{t)*R{t)-^B{t)*. 
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Then in the case that 


t€[ 0 ,T] 


G^O, Q{t)-S{t)*R{t)-^S{t)^ 0 , 


the corresponding Riccati equation admits a unique solution and linear FBEE (2.15) admits a solution. 


4 Decoupling Method — A Brief Description 

We note that in the previous section, the essence of the approach by means of Riccati equation is to use the 
ansatz 

tpit) =F{t)y{t)+p{t), te[0,T]. 

Inspired by this, we now look at nonlinear cases. For FBEE (1.1), suppose 

ipit) = K{t,y(t)), t€[0,r], 

for some K(-, •). Let {Cn}rt>i be an orthonormal basis of X. Then 

oo oo 

K{t, y) = J2 y)> Cn)Cn = ^ fc”(i, yKn, 

n—1 n—1 

with fc" : [0,T] X X ^ R. Suppose {t,y) K(t, y) is Frechet differentiable. Then, so is (t, y) H- k^{t,y) = 
(K(t, y),Cn), and for any z € X, 


This means 
(4.1) 


K{t, y + Sz)- K{t, y) _ k^{t, y + Sz)- fc"(t, y) ^ 

A " A 


n—1 


LXJ LXJ 

{ky{t, y), z)Cn = [ ^ Cn ® ky{t, y) 


n—1 


n—1 


iKy(i ,= 2/), {t,y) e [o, t] x x. 

n—1 


Note that Ky(t,y) is independent of the choice of {Cn}n>i- 
We now present the following result. 

Proposition 4 . 1 . Let (HO)' and (H2) hold. Let K : [0, T] x X —)• X be Frechet differentiable satisfying 
the following: 


Kt{t,y)+Ky{t,y)[Ay + b{t,y,K{t,y))]+A*K{t,y)+g{t,y,K{t,y)) = 0, (t,y) e [0,T] x V{A), 

IK(r,y) =/i(y), y € X. 


Let y(-) be a classical solution to the following: 


y{t) = Ay{t) + b{t, y{t),K{t, y{t)), t G [0, T], 
y(0) = X, 


and 

(4.4) ip{t) = K{t,y{t)), t€[0,r]. 
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Then ( 2 /(-)i V'(')) ^'s a strong solution of FBEE ( 1 . 1 ). 

Proof. Note that as a part of requirement for ]K(-, •) being a solution to (4.2), one has 

K{t,y)eV{A*), V(t, 2 /) e [0,T] xX 

By (4.4), we have 


if{t) = Ktft, y{f)) + Kyft, y{t)) Ay{t) + b{t, y{t),K{t, y{t)) 

= -A*K{t, y{t)) - g{t, y{t),K{t, y{t)) = -A*'ip{t) - g{t, y{t),'tp{t)), 


and 

V^(T) = K(T,2/(r)) = %(T)). 

Hence, our claim follows. □ 

It is seen that thanks to the map K(-,-), the original FBEE (1.1) is decoupled into (4.3) and (4.4). 
Because of this, we introduce the following notion: 

Definition 4.2. A map K : [0, T] x A — >■ A is called a decoupling field of FBEE (1.1) if it is a solution 
to (4.2). 

Now the natural question is when one can solve equation (4.2). The linear case has been treated in the 
previous section. To look at the nonlinear case, let us further assume that A* = A and it has a sequence of 
eigenvalues 

0 > —do = Ai ^ A2 ^ A2 • ■ • , 

with the corresponding eigenfunctions {fn}n^i which form an orthonormal basis for A. Then 

00 00 

K{t, y) = Yl y)> Cn)Cn = ^ fc”(<, yKn- 

n—1 n —1 

Hence, 


0 = Kfit, y)+Ky{t, y) [Ay + b{t, y, K(t, y))] +A*]K(t, y)+g{t, y, K{t, y)) 

00 

= X! {^tit,y) + {ky{t,y), Ay + b{t,y,K{t,y))) + Xnk^it,y) + {g{t,y,K{t,y))Xn)'jCn 

n—1 

Therefore, we obtain a coupled system of countably many equations: 


f kt{t,y) + {k^{t,y),Ay + b{t,y,K{t,y))) + A„fc”(t, 2 /) 

( 4 . 5 ) < +{git, y, K{t, y))Xn) = 0 , ft, y) G [ 0 , T] x A, 

[k^iT,y) = {hiy),Cn), 2 /GA. 

Let us look at a special case. Suppose 


K{t, y) = k\t, 2 /)Ci, (t, y) G [0, T] x A, Ci € V{A*). 


Then 


( 4 . 6 ) 


klit, y) + {klft, y),Ay + b{t, y, k^ft, y)Ci)) + Xiklft, y) 

+{ 9 {t,y,k^{t,y)Ci),(,i) = 0 , {t,y) G [ 0 ,r] x A, 

.k^{T,y) = h}{y), y G A, 
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and 


(4.7) {g{t,y,k^{t,y)Ci)Xn) =0, n > 1. 

To guarantee (4.7), we assume that 

(4.8) g(t,y,span{Ci}) C span{Ci}. 

We note that (4.6) is a first order Hamilton-Jacobi equation in the Hilbert space X, involving an un¬ 
bounded operator A. Therefore, it is possible to study the existence of viscosity solution of it. When the 
viscosity solution has certain regularity, one might be able to obtain a decoupling field K{t,y) = k^{t,y)(i 
for our FBEE. Apparently, this is merely a very special case for the general FBEEs, and it already looks 
complicated. Hence, there is a very long way to go in this direction to establish a satisfactory theory (for 
nonlinear FBEEs). We hope to report some further results in this direction in our future publications. 


5 Lyapunov Operators and a Priori Estimates 


We now look at the solvability by another method, called method of continuity. We first look at the following 
linear FBEE: 


(5.1) 


y{t) = Ay{t) -b Bii{t)y{t) + Bi 2 {t)'ip{t) + bo{t), t € [0, T], 
’’Pit) = -A*'ip{t) - B 2 i{t)y{t) - B 22 {t)'ipit) - goit), t G [0,r], 
^ t/(0) and are given. 


with Bij : [0,r] —)• C{X). Let 
(5.2) A 

Then FBEE (5.1) can be written as 


A 0 
0 -A* 



1(f) = 


y(t) 

Mi). 


Bii{t) Bi2(t) \ 

— B2l{t) —B22{t)j 


bo{i) 


f G [0,T], 


(5.3) '■ ''■'V'0(Oy \-9 o{t)j’ 

y{0) and tjj{T) are given. 

We introduce the following Lyapunov differential equation for operator-valued function n(-): 

(5.4) tl{t)+U{t)[A-M{t)] + [A-M{t)]*U{t)+Q{t) = 0, fG[0,r], 

where 


n(o=r<'> 

^ ' \T{t) P{t )^ ^ I 0 -M{t)* 


Qo{t) 0(f)* \ 

.0(i) QMr 


with M, M, 0 : [0,r] —>• C{X) and Qo,Qo ■ [OjT’] ^ S(-’^) to be properly chosen later. We may equivalently 
write (5.4) as follows: 


(5.5) 


P{t) + P{t)[A - M{t)] + [A* - M(f)*]P(f) + Qoit) = 0, 


P{t) - P{t)[A* - M(f)*] - [A - M(f)]P(f) + Qo{t) = 0, 
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(5.6) 



(5.7) 


r(i) + r{t)[A - M{t)] - [A - M{t)]r{t) + 0(t) = o, 


and 

(5.8) 


r(t)* - r(t)*[y4* - + [A* - M{ty]T{t)* + &{t)* = o. 


Let us first look at (5.5) and (5.6). Operator-valued functions P(-) and P(-) are mild solutions to (5.5) and 
(5.6), respectively, if the following hold: 

rT 

(5.9) P(t) = e^*(^-‘)p(r)e^('^-‘)-y [P(s)M(s)4-M(s)*P(s)-go(s)]e^^"“‘^ds, t€[0,T], 

and 

(5.10) P(t) = e^‘P(0)e^*‘-/e^(‘-")[P(s)M(s)*+M(s)P(s) + Qo(s)]e^*^‘"'’)ds, t€[0,T]. 

Jo 

We use the above definition simply because when A is bounded, (5.5) is equivalent to (5.9), and (5.6) is 
equivalent to (5.10). Further, if we let $(•, •) and $(•, •) be the evolution operators generated hj A — M(-) 
and A — M{-), respectively, then P(-) and P(-) admit the following representation: 

(5.11) Pit) = ^T,trP{,T)<^{T,t)+J^ ^s,t)*Qo{sMs,t)ds, t € [0,T], 

and 

(5.12) P(t) = #(t,0)P(0)$(t,0)* - /$(t,s)Oo(s)$(<,s)*ds, te[0,T]. 

Jo 

This yields that if 


then 

(5.13) 


P(P),-P(0),Qo(i),Oo(l) >0, te [0,T], 

p(t)>o, P(t)^o, te[o,T]. 


Now, let us look at (5.7) and (5.8), which are equivalent. We assume that (HO) holds. Therefore, we 
have two cases to discuss. 

Case 1. Let (2.1) hold. In this case, since A is dissipative, the appearance of the term T{t)A — Hr(t) 
makes (5.7) and (5.8) difficult to solve in general. To overcome this, we require that for all t € [0,r], 
r{t) : V{A) V{A) and 

(5.14) T{t)Ax = AV{t)x, t e [0,r], X e P(H). 

Then both (5.7) and (5.8) are reduced to the following: 

(5.15) tit) - T(t)M(t) + M(t)r(<) -K 0(t) = 0, 

which admits a unique solution as long as, say, M(-), M(-) and 0(-) are bounded and r(r) G jO,{X) is given. 
Actually, if 4'(-, •) and ^(-, •) are evolution operators generated by —M(-) and M{-), respectively, then 

(5.16) r(t) = ^(T,t)r(r)4'(r,t)-h^ §(s,t)0(s)4'(s,t)ds, t€[0,T]. 
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Note that under (2.1), A admits a spectral decomposition 


A= 

Ja(A) 


with a[A) C (—00, —(To] being the spectral of A, if 


(5.17) 


r(T)=/ ©(*)=/' e{t,^i)dE^, 

J (7{A) J (7{A) 

M{t)= f m{t, fi)dEfj_, M{t) = f fn{t, n)dEfj_, 

J (7{A) j <7{A) 


for some suitable maps 7 : cr{A) —)• K. and 6 ,m,m : [0, T] x a{A) -A K, then 


m = [ ( 

Ja{A) ^ 




e-'‘ ■■"'“™““7(/r) + / e 


[m{s^lj,)—m{s,fi)]ds 


e{T,^j,)dT^ 


dE^. 


Hence, (5.14) holds in this case. In particular, if 


(5.18) 
we have 


7 ( m ) = 7 , d{t,n)=6{t), 

m(t,/r) = m(t), fri{t, ^) = fh{t), 


G [0,r] X (t(H), 


Also, as a special case of (5.17), if 


(5.19) 


r(t)= 7 (t)AA, Q{t) = 9{t)Ax, 


M(t) = m{t)A\, M(t) = m(t)Ax, 
for some suitable scalar functions 7 (-), 0 (-), m(-), 7 ti(-), then 


tG [0,T], 


pT 

for which (5.14) will also hold. 

Case 2. Let (2.3) hold. Then is a group. Consequently, is well-defined. Similar to the case of 
P(-), a map r(-) is called a mild solution to equation (5.7), if the following holds: 


r(t) = e-^(^“*)r(r)e^(^“*) 

(5.20) rT 

J + tG[ 0 ,T]. 

By recalling the evolution operators 4>(-, •) and $(•, •) generated by A — M(-) and A — M{-), (noting that in 
the current case, exists) we have 

(5.21) r{t) = ^T,t)~^T{T)^{T,t) + $(s,t)-i 0 (s)$(s,t)ds, tG[0,r]. 

We point out that in the current case, (5.14) is not needed. However, if (5.17) holds and we are working in 
a complex Hilbert space, we will still have (5.14) and r(-) can also be given by (5.16). 
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In what follows, when we say a mild solntion !!(•) of (5.4), we mean that P(-) and P(-) are given by (5.9) 
and (5.10), respectively, and r(-) is defined by by (5.16) such that (5.14) holds for the case A = A* and r(-) 
is defined by (5.21) for the case A* = —A (since we prefer to stay with a real Hilbert space). 

The following is the main result of this section and it will play an important role below. 

Proposition 5.1. Let (y(-)j '0(‘)) ® mild solution of linear FBEE (5.1) and n(-) he a mild solution of 

Lyapunov differential equation (5.4). Then 


(5.22) =j^ [((n(t)[B(t)+M(t)] + [B(t)+M(t)]*n(f)-Q(t)) 


) 

(y{t)" 




dt. 


Proof. For A > 0, let <1 )a(-,-) and 4 >a(-,-) be the evolution operators generated by A\ — M(-) and 
A\ — M{-), respectively. Define 

(5.23) Px{t) = ^xiT,t)*PiT)^xiTA) + $a(s, t)*Qo(s)$A(s,<)ds, < £ [0,T], 

and 

(5.24) Px{t) = l>A(t,0)P(0)$A(i,0)* -/ ^x{Ls)Qo{s)^x{t,s)*ds, t G [0,T]. 

Jo 

For the case A* = A, we have (5.16) with (5.14) which leads to 

r{t)Ax = AxT{t), tG[0,r]. 

For the case A* = —A, we define 

(5.25) FA(t) =$A(T,t)-iF(T)$A(T,t)+^ $a(s, t)-i0(s)$A(s,t)ds, t G [0,T]. 

A direct computation shows that 

IlA(t) + nA(t)[AA - M{t)] + [Ax - M(t)]*nA(t) + Q{t) = 0 , 

where 


Aa 0 
. 0 -At 


'go(t) Qitr\ 

,0(i) Qo{t) 


and 


rA(i)d 


with rA(-) = r(-) for the case A* = A. At the same time, we let 


= b^A 


/ yxit)\ 

\ipx{t)j 

yx{0)=y{0), V'a(T)=^(T). 


2/A(i)\ / 5o(t) 

,'>Px{t)) \-go(t)^ 


tG [o,r]. 
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Then 


(MT) ( "‘‘Il'l, (> - {n,( 0 ) ( 


V'a(O)/ \ipxiO). 


fl 


{ - (nA(t)[AA-M(i)] + [AA-M(t)]*nAW+Q(t)) 


yAW\ yxity 
vV'a( 0 / ’ Iv^aW, 


^{nA(i)[AA + B(t)]+[AA + B(irnA(i)} 


y\{t)\ fyxit) 
.1px{t)) ’ UaW, 


) 


+ 2 (nAW 


bo{t) 


y\{i) 


) 


dt 




-9o{t)J ypxit)^ 

((nA(i)[BW+M(t)] + [B(0+M(t)]*nAW-Q(t)) 


^y\it)\ (yxit)\ 
aV'aW/ ’ V^a(<)/ 


) 


+ 2 (nA (0 


boit) 


yxit) 


y-9o{t)J ypxit)^ 
Passing to the limit, we obtain our result. 


> 


dt. 


□ 


Next, we let 

Go = |(fco,5o,^o) I bo{-),goi-) G A^(0,T;X), ho G x|. 

For any x G X and {b,g,h) G Gi, {bo,go, ho) G Go, and p G [0,1], consider the following FBEE: It is easy to 
see that when 

f yP{t) = AyP{t) + pb(t, yP{t), %l}P{t)) + bo{t), t G \0 T] 

(5.26) lipP{t) = -A*iljP{t)-pg{t,yP{t),iljP{t))-go{t), 

[ yP{0) = X, r{T) = ph{yP{T)) + ho- 

It is easy to see that for p = Q, (5.26) is a trivial decoupled FBEE which admits a unique mild solution, 
and for p = 1, (5.26) is essentially the same as (although it looks a little more general than) FBEE (1.1). 
We will show that under certain conditions, there exists an absolute constant e: > 0 such that when (5.26) 
is (uniquely) solvable for some p G [0,1), it must be (uniquely) solvable for (5.26) with p replaced by 
(p + e) A 1. Then by repeating the same argument, we obtain the (unique) solvability of (1.1) over [0,r]. 
Such an argument is called a method of continuation (see [25]). In doing so, the key is to establish an a 
priori estimate for the mild solutions to (5.26), uniform in p G [0,1]. To this end, we need to make some 
preparations. 

For any A > 0, we introduce the following approximate system of FBEE (5.26): 


f Vxit) = Axyi{t) +pb{t,y{{t),fj{{t)) + bo{t), tGlOT] 

WaW =-^aV'aW-P ff(^:2/AW>V'AW)-5o(t), 
i 2/^(0) =x, = ph{yP^{T)) + ho. 

Suppose for the initial condition x G X, the generator {b,g,h) G Gi and {bo, go, ho) G Go, FBEE (5.27) 
admits a solution {yx{‘),'4’xi'))- Also, let (Pa('): ^a(')) be a solution of (5.27) with {b,g,h), {bo, go, ho), and 
X respectively replaced by {b,g, h) G Gi, {bo, go, ho) G Go, and x G X. Define 

(5.28) y{-) = yP^{-) - yP^{-), ^(.) = ^^(.) - V-^(.). 
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Denote 


(5.29) 


and set 


(5.30) 


by{t) = / by{t, y{{t) + + a^{t))da, 

JO 

bi,{t)= [ b^{t,y''^{t) + ay{t),tlj{{t) + aii{t)))da, 
JQ 

9y(.t) = f 9y{t,yi{t) + + aii{t))da, 

JO 

9^(0 = [ 9^{t, yiit) + onj{t), + a^{t)))da, 

JO 

^v= f hy{yP{T) + ay{T))da, 

JO 


Sb{t) = b{t,y{{t),i}P^(t)) - b(t,y{{t),^l{t)), Sbo{t) = bo{t) - bo{t), 
^giO = g(t,y^(t),^^(t)) - 5 (t,y^(t),V 5 ^(t)), 6 go{t) = go{t) - go{t), 
6 h = h{y'^{T))-h{y'^{T)), Sho=ho-ho, x = x-x. 


Then (y(-):^(')) satisfies 

y{t) = Axy{t) + pby{t)y{t) + pb^{t)ip{t) + pSbit) + Sb^it), 
(5-31) < ^(^t) = -Alii{t)-pgy{t)y{t)-pgp{t)ip{t)-p 6 g{t)- 6 go{t), 

y{t)=x, i^{T) = phyy{T) + Sh + 6 ho. 

For the above linear FBEE, we have the following result. 

Proposition 5.2. Let {b,g,h) G Q 3 and 


t€[ 0 ,T], 


(5.32) 


Lby{t)= sup maxcrl 
iy,p)exxx L 


'by{t,y,ip) + by{t,y,ilj)* 


Lgpit) = sup max (7 
iy,p)exxx ^ 


f gp{t,y,'4’) +9p{t,y,i’)* 

V 2 


tG [ 0 ,T], 


where cr(A) is the spectrum of the operator A G jC(X). Let (2/^(-)) V'a(')) b>e a solution to FBEE (5.27), and 
(yA(')i V'a(’)) ^6 ^ solution of (5.27) corresponding to {b,g,h) G Gi, {bo, go, ho) G Go and x G X. Then 


(5.33) 
and 

(5.34) 


||y(-)lloo^P / ePf"^^J-^<^-\\bp{s)ii{s)\\ds + K[\m+ f (||56(s)|| + ||56o(s)||)ds' 


j J^S^oJ^)<ir\\g^{s)y{s)\\ds 

pT 


+K 


II5/.II + llJholl 


||( 5 go(s)|| ds 


The proof is straightforward and for reader’s convenience, a proof is presented in the appendix. 

We note that in the above proposition, it is only assumed that {b, g, h) G Gs (the set of all generators 
satisfying (FI3)). Therefore, the Erechet derivatives by,b^, and so on are not necessarily bounded. However, 
it is still possible that 

\bp{s)ij{s)\\ + || 3 y(s)y(s)|| )ds < 00 . 
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On the other hand, in the case (b,g, h) S Q 4 , we have 


and 


loo ^ p 

< p 


p!I Lty{T)dT\\ 


\\b^{s)ijj{s)\\ds + K pll + f (^||56(s)|| + ||(56o(s)||)ds 


gPf^ Lby{r)dT\ 


II^V'WIM'S IIV'(-)lloo + /t: 


Sb{s)\\ + ||56o(s)|| 


II^OIloo 


+K 




||<5/i|| + p/io||+ (||<55(.)|| + ||<55oWll)ds 

_ pT 1 r /"^ ~ 1 

Jo -* *--'0 -* 


+K 


'-Jo 

|£|| + ||^/r|| + ||5M+/JII<5feWII + II^Ms)ll + ll^5(s)ll + ll^ 


Hence, when the following holds: 


(5.35) 


p^ e 


Pfo^9i>Mdr 


Why 


T 1 r _ 1 

ePfoL9^^(-)d-\\gy(s)\\ds / ePh^^^y^^^^^\\b^{s)\\ds < 1 , 


■- .^0 '-./o 

FBEE (5.27) admits a unique mild solution by means of contraction mapping theorem. It is 

not hard to see that condition (5.35) holds when one of the following holds: 

• The parameter p = 0, this is a trivial case, for which the FBEE is linear and decoupled. 


• The time duration T is small enough. 

• The coupling is weak enough in the sense that the Lipschitz constant of 6(t, y, "0) with respect to ip (the 
bound of b^(-)), and/or the Lipschitz constants of g{t,y,ip) and h{y) with respect to y (the bounds of gy{-) 
and hy{-)) are small enough. An extreme case is that 5(t, y, ip) is independent of ip, or g(t, y, ip) and h{y) are 
independent of y, which corresponds to the decoupled case. 


From Proposition 5.2, we see that due to the coupling, in general, one can only obtain an estimate of 
y(-) in terms of ip{-), and an estimate of ip{-) in terms of y(-). In order to obtain an a priori estimate on the 
whole {y{-),ip{-)), we need either have an estimate for 

/ Wbp{s)Hs)W^ds 
Jo 

independent of y(‘); oi' have an estimate for 

+ rW9yi^)mW^ds 

Jo 

independent of ip{-). We now search conditions under which this is possible. To this end, we introduce the 
following notions. 


Definition 5.3. A continuous function n(-) = 


_ Pi-) n-)* 


: [0,T] — >• S(Ar X X) is called a type (I) 


,r(-) P(-)^ 

Lyapunov operator of the generator {b,g,h) € Q 3 if there exist Q : [0,T] —S(Ar x X) and M : [0,T] ^ 
C{X X X) with 


Qit) = 


'Qoit) 0 (t)*\ 
Qoit) 


, M{t) = 


'M{t) 


0 


0 -M{t)* 


, t S [0, T], 
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such that n(-) is a mild solution to the Lyapunov differential equation 


(5.36) n(t) + n(t)[A-M(t)] + [^-M(t)]*n(t) + Q(t) = o, te[o,r]. 

and for some constants fj,,K >0, the following are satisfied: 

'-K 0 ^ 


(5.37) 


n(o) 


0 0 , 


< 0 , 


I phyivY 


0 


I 


n(T)| 


0 \ , ( -fj,hy{y)*hy{y) 0 


phyiy) I 


0 


W{t,Il(t),y,il;) -Q{t)+y 

n(t) 


Yj^o, VyeX, pe[0,i], 
9vit,y,YY9v{'t,y,Y) o'! 


n(t) 


-K, 




where 


(5.38) 


and 


V(t,2/,V^)e[o,r]xXxX, pe[o,i], 

H'’(t, n, y,il^)=p [n]B(t, y, i/j) + M{t, y, i;)*n] + nM{t) + M(t)*n, 
V(t, n, y, V') e [0, T] X S(X) X X X X, p e [0,1], 


t,y,Y) = 


by{t,y,'ip) b^{t,y,tp) 


^-9yit^y,Y) -9^{t,y,Y)J’ 
If (5.37) is replaced by the following: 


V(t,y,^) e [0,T] xXxX. 


(5.39) 


n(o) 

/1 phy{y)* 

VO I 


-K O' 

0 0 , 


0 , 


n(T) 


I o\ /o o' 

ohy{y) l)^\0 K. 


^ 0 , Vy ex, pe [ 0 , 1 ], 


0 0 


0 b^{t,y,tjj)*b^{t,y,tj}) 


n(t) 




H^(t,n(t),y,'0) -Q{t) + p 

V n(t) -X, 

V(t,y,^) e [o,r] xXxx, pe [0,1], 
then n(-) is called a type (II) Lyapunov operator of (6,y, h). 

If n(-) is either a type (I) or Type (II) Lyapunov operator of {b,g,h), we simply call it a Lyapunov 
operator of {b,g,h). 

The existence of a Lyapunov operator gives some kind of compatibility of the coefficients in FBEE (1.1), 
which will guarantee the well-posedness of the FBEE. We will carefully discuss properties and existence of 
Lyapunov operators a little later. First, we present the following result gives the (uniform) stability of mild 
solutions to (5.26) when the generator (b,g,h) S Gs admits a Lyapunov operator. 

Proposition 5.4. Let {b,g, h) e Gz admit a Lyapunov operator !!(•) of either type (I) or (II). For any 
p S [0,1], and X £ X, let {y^{■), {■)) be a mild solution of FBEE (5.26) with some {bo{-), go{-), ho) £ Go, 
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and let {y^{■), {■)) be a mild solutions of FBEE (5.26) corresponding to another generator {b,g,h) G Qi, 

and some (bo{-),go{-),ho) €Qo, x € X. Then 

iir(-) - y'’(-)iioo +1|^^(•) - v^^(-)iioo < k{\\x - xf+ po - hor + wHriT)) - h{r{T))r 
(5-40) (||6(s,y'’(s),V;^(s)) - b{t,yP{t),^pP{s))\^ + ||&o(s) - &o(s)|P 

+ \\g{s,yP{s),ijjP{s)) - g{s,yP{s),ijP{s))f + ||go(s) - 5o(s)f )ds|, 
uniformly in p € [0,1]. In particular, if (b, g, h) = (b, g, h), then 

\\r(.-)-y^(.-)\\l + \\r(.-)-r(.-)\\lo 

( 5 - 41 ) , . r. . , 

-xf+||/io - hoW^+J (^||6o(s)-6o(s)f+||5o(0-ffo(s)f jdsj, 

uniformly in p G [0,1]. 

Proof. Recall notations in (5.28)-(5.30) and noting Proposition 5.1, we have (suppressing s when it has 
no ambiguity) 


{I ^ '■<"»>•) n(r) (I ») ( *<^) ) , ( ) > - {n( 0 ) 

^ ^ ^ ^ \phy 11 \p 6 h + Sho) \pSh + ShoJ ' ^ ^ ’ 


,0 / 


= (n(r) ( ~ ^ V f ~ ^ ) - (n(o) 

\phyy{T) + p 5 h + ( 5 hoy ’ \phyy{T) + p 5 h + j 


${0)1 ’ 1^(0) 


${0)1 ’ 1^(0)^ 




) 



y\ I p 6 b + Sbo 

3) ’ \p^9 + 5mi 

)ds, 


[ds 


/ y \ 

$ 

pSb + Sbf) 
\p6g + 6goJ 


where 


iip{t, n, y, if) = p[n]B + i*n] + nM(t) + M(t)*n, 


and 



with by, etc. given by (5.29). Consequently, in the case that !!(•) is a type (I) Lyapunov operator of {b,g, h), 
we have 


(n(T) 


y{T) 

phyy{T) + pSh + Sho 


~ ']) - (n(o) 

phyy{T) + pSh + Sho I 



^p\\hyy{T)r-K \m^ + \\shr + \\sho$^ 
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and 


/< 


, n 0 , 


f y. \ 

pSb + 6bo 
\pSg + SgoJ 


f t \ 

pSb + 6bo 
\pSg + SgoJ 


)(is 




( - Mll5y(s)y(s)f + K\\p6b{s) + i56o(s)f + K\\pSg{s) + 55o(s)|p)c^s- 


Hence, 


\\hyy{T)r + / \\gyi^)y{s)rds < K pf + mj + 
^0 *- 
pT 


+ 


[\ms)r + \\sbo{s)r + P5(s)f + P5o(s)ip)ds. 
Combining the above with (5.33) and (5.34), we obtain (5.40). 

On the other hand, in the case that n(-) is a type (II) Lyapunov operator for {b,g,h), we have 


(n(r) ( ~ ^ f ~ ^ ^ - (n(o) 

\^phyy{T) + pSh + Shoj ’ \^phyy{T) + pSh + Shoj 


X \ I X 

MO) I ’ Iv^(o), 


) 


^ -K 


ISf+ Phf+ ||<5ho||^ 


and 



( "i \ 


( "i \ 

fiCt”:) 

J) 


J) 

pSb + Sbo 

5 

pSb + Sbo 


\p6g + SgoJ 


\pSg + SgoJ 


)ds 


€ 


( - + K\\pdb{s) + (5&o(s)f + K\\pSg{s) + (55o(s)|p)rfs- 


Hence, 


\\b^{s)Jj{s)\\'^ds ^ K pll^ + p/i|p + Plioll" 


+ 


{\ms)f+ p6o(s)ir+pg(s)f+Pffo(^)ir)d5^ 


Then, combining the above with (5.33) and (5.34), we again obtain (5.40). 


6 Well-Posedness of FBEEs via Lyapunov Operators 

We now state and prove the following theorem concerning the well-posedness of FBEE (l.I). 

Theorem 6.1. Let {b,g,h) € Q 2 r> Os admit a type (I) or (H) Lyapunov operator n(-). Then FBEE 
(l.I) admits a unique mild solution (t/(-), V'('))- Moreover, the following estimate holds: 


(6-1) ll2/(-)l|oo + P(-)l|oo^ 



(^||6(s,0,0)11 + || 5 (s, 0 , 0 )||^ds 
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Further, if {y{-), ipi')) is a mild solution of FBEE (1.1) corresponding to (b, g, h) £ Q 2 FQ 3 , then the following 
stability estimate holds: 


( 6 . 2 ) 


•) - 2/(-)lloo + IIV'(-) - V’(-)lloo ^ K^\\x - x|| + \\h{y{T)) - h{y{T))\\ 

+ j (\\b{s,y{s),'ip{s)) - b{s,y{s),'tp{s))\\ + || 5 (s,y(s),^(s) - 5 (s,y(s), V;(s)||)ds|. 


Proof. Let {bo, go, ho) £ Go- Let p £ [0,1). Suppose the following (coupled) FBEE admits a unique mild 
solution (2/^(-)i V'^('))- 


f yP{t) = AyP{t) + pb{t, yP(t), ipP{t)) + bo{t), 
(6.3) < TpP{t) = -A*il)P{t) + pg{t, yP{t),ipP{t)) + goit), 

iy'’(0)=x, r{T)=phiyP{T)) + ho, 

and the following estimate holds: 


(6.4) 


ll/(•)l|oo + ||V''’(•)l|oo<i^{||x|| + ||MO)|| + ||/io|| 


(||6(s,0,0)11 + ||6o(a)|| + ||ff(s,0,0)|| + || 3 o(a)||)ds}. 


Now, let e > 0 such that p + e £ [0,1]. Consider the following coupled FBEE: 


f yP^^t) = AyP+^t) + {p + e)b{t, yP+^{t),r^-{t)) + bo{t), 
(6.5) I V’^+®(i) = -A*il}P+^{t) + (p + £)g{t, yP+^{s),il)P+‘^{t)) + go{t), 

i = X, '4}P+^{T) = (p + e)h{yP+^{T)) + ho, 


To obtain the (unique) solvability of the above problem, we introduce the following sequence of problems: 


( 6 . 6 ) 


'j^P+e.O(.)^^p+s.O(.)^0, 

= AyP+’^^'^+^it) + pb{t,yP+‘^’‘^+^{t),'ipP+’^^'^+^{t)) 

+eb{t,yP+-’\t),r^^^\t))+bo{t), 

< V>^+"’'=+i(t) = -A*'fP+’^'^+^{t) + pg{t,yP+‘=’^+^{t),ipP+’^’’^+^{t)) 

+£g{t, yP+’^'^{t), ipP+’^'^{t)) + go{t), 

yP+e.fe+l^Q^ = X, 

^ ^p+s.fc+i(r) = ph{yP+^'^+^{T)) + eh{yP+^’^{T)) + ho. 


By our assumption, inductively, for each fc ^ 0, as long as (p'’+^’^(.), '0^+'^’*^(.)) G C{[t, T]-,Xx X), the above 
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FBEE admits a unique mild solution (■), G C{[t,T\,X x X). Further, 

||j^P+e./=+l(.)||^ + ||^P+e.fc+l(.)||o^ 

<iF{lN| + ||M0)|| + lkM2/"+^’'=+'(r)) +/loll 

+ J (llKs,0,0)|| + ||e6(s,y'’+^’'=(s),'0'’+®’''(s))+6o(s)||)ds 

+ £{\\9{s, 0,0)11 + ||s5(s, + 50 Wll) ds} 

<iF{||x|| + ||M0)|| + ||/io||+eb^+^’'=(T)|| 


(6.7) 




/o ■- 
pT^ 


s,0,0)|| + ||6o(s)||+4ll5"+^’'=(s)| + 


ds 




|| 5 (s,0,0)11 + ||5o(s)|| +^(li5^+^’'=(i^)ll + ||V’'’+^’'=(i.)||)]ds} 


+iF{||a;|| + ||M0)|| + \\h4+l (lIK^, 0, 0)|| + ||6o(i^)|| + ||5(i^, 0, 0)|| + ||5o(s)||)d5}. 

Now, since (b,g, h) admits a type (I) or type (II) Lyapunov operator P(-), by Proposition 5.3, we obtain 


^ eK 
+ 


||yP+-,fc+l(.) _ j;P+-.'=(.)|U + 11^1'’+"’'=+'(•) - 
{\W+^’\T)) - h{yP+^’>^-\T))\\ 

r \\\b{s,yP+^’\s),r^^’>^{s)) - b{s,yP+^’’^-\s),r^^’>^-\sm 

Jo *- 

^ eKo{\\yP+^’^i-) - yP+^’^-\-)\\oo + - Vi"+"’'=-'(-)lloo) ■ 

Here, Kq > 0 is an absolute constant (independent of fc ^ 1). Thus, taking e > 0 small enough so that 
eKo ^ i, we obtain 

lim (||y^+--'=(.) - 5'’+^(-)||oo + ||^^+^’'=(-) - V'"+"(-)lloo) = 0, 
fc—)-oo \ / 


with 


oo 

k^l 

oo 

i/,p+‘^(.) = 


fc=i 


which is the unique mild solution of FBEE (6.5). Eurther, let A: —>■ oo in (6.7), we obtain 

l|y^+^(-)lloo + ll^^+^(-)lloo ^ 7^£(||5 ^+^(-)IIoo + \\r^^{-)U) 

+^{lkll + 11^(0)11 ^ (ll^('®! Oj 0)11 + ||/>o(s)|| + ||5(s, 0,0)11 + ||5o(s)||) dsj j- 


Note that the constant K in front of 5 above is universal. Then choose an e: > 0 satisfying Ke < ^ so that 
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the first term on the right hand side can be absorbed into the left hand, leading to the following: 

||2/^+^(-)lloo + ||^'’+^(-)lloo < k{\\x\\ + ||/r(0)|| + II/. 0 II 

+ (||6(s,0,0)11 + ||&o(s)|| + ||g(s,0,0)11 + ||5o(s)||)rfs}- 

Continuing the above procedure, we obtain the solvability of the following coupled FBEE: 

f y{t) = Ay{t) + y{t),fp{t)) + bait), 

< ip(t) = - g(t, y{t), tpit)) - goit), 

i?/(0) = x, ij;{T) = h{y{T)) + ho, 

with the mild solution (y(')i'*/'(')) satisfying 

||2/(-)lloo + ||V'(-)lloo ^ k{\\x\\ + ||M0)|| (11^5,0,0)11 + ||6o(5)|| + 115(5,0,0)11 + ||5o(5)||)ds}. 

Thus, in particular, by taking {bo, go, ho) = 0, we obtain the solvability of FBEE (1.1) with estimate 

(6-8) b(OIU+||^(Olloo<if{||x|| + ||MO)||+jJ^(||6(5,0,0)|| + ||5(s,^ 

Now, let {y{-), '0(•)) be a mild solution to (1.1) corresponding to (b, g, (i.) G ^2 H Q 3 . Then, (y(-) — y(-), '0(-) — 
tp{-)) satisfies a linear FBEE with the generator admitting a type (1) or type (11) Lyapunov operator !!(•), 
the same as that for the generator {b,g, h). Hence, applying (6.8), we obtain the following stability estimate: 


(6.9) 


Il5(-) - 5(-)lloc + m-) - V'(-)lloo < k{\\x - x|| + ||M5(T)) - M5(T))|| 

+ J {\\Ks,y{s),iij{s)) - b{s,y{s),tp{s))\\ + \\g{s,y{s),tp{s)) - 5(s,y(s), Vi(s))||)ds|. 


This proves the theorem. 


7 Construction of Lyapunov Operators and Solvable FBEEs 


In this section, we will construct some Lyapunov operators, through which we obtain well-posedness of 
corresponding FBEEs. First of all, we prove the following result which is practically more convenient to use 
than the definition. 


Theorem 7.1. Let (HO) hold and let {b,g, h) G Q 2 Ci Q 3 . Let n(-) = 
to linear Lyapunov differential equation (5.4) for some 


fP(-) 

Vr(-) 


F(.)*\ 

P(-)J 


be a mild solution 


(7.1) 




M(-) 0 

0 -M(-)* 




Qo(-) 0 (-)* 

. 0 (-) Qo(-), 


Then n(-) is both a Lyapunov operator of types (I) and (H) for {b, g, h) if the following hold: 


(7.2) 


P{t) ^ -6, P{T) > d. 


(7.3) 


P{T) + hy{yrT{T)+T{T)*hy{y) + hy{y)*P{T)hy{y) ^5, Vy G V, 
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and 


(7.4) 


I n(t)M(i) ^-6, tG [0,T], 

\ n(t)B(t, y, i;) + B(i, y, + M(i)*n(t) - Q{t) ^ -S, {t, y,ij)€[0,T]xXxX. 

for some (5 > 0, with 

by{t,y,ip) \ 


= 


it,y,iP)G[0,T]xXxX. 


Note that 5 > 0 appears in (7.2)-(7.4) does not have to be the same. But, we can always make them the 
same by shrinking 6 if necessary. 

Proof. First of all, in order n(-) to be a type (I) Lyapunov operator of the generator {b,g,h), one needs 
(5.37). Hence, at t = 0, one needs 

'-K o\ fp{o)-K r(o)*\ 


0 ^ n(o) 


r(0) P(0) 


^ 0 oy \ 

for some K > 0 , which will be ensured by the following: 

(7.5) P(0) < 

for some (5 > 0. Next, at t = T, one needs 

phy{y)*\ ( I 0\ f-p.hy{y)*hy{y) 0 




(7.6) 


= P 


0 I J 

2/0 hy{y)* 

VO 0 
+n(T) + I 


n(T) 


n(r)| 


phy{y) I 


0 


K. 


0 O' 




hyiv) 0 / '-Vo 0 / 


0 hy{y) 


0 O' 

hy{y) O/J 


-phy{y)*hy{y) 0 


VyeX, pe[ 0 ,l]. 


0 KJ 

for some p,K > 0 . If we are able to show the following (which will be done below) 

(7.7) P(T) 0, 

then 


(7.8) 


0 hy{y)*\^.^J 0 0\ _ hy{yrPiT)hy{y) 0 ^ 


,0 0 


n(T) 


hy{y) 0, 


0 


0, 


^ 0 . 


Hence, (7.6) is true if and only if it is true for p = 0,1, i.e., 

^-phy{y)*hy{y) q\ _ f P{T) - phy{y)*hy{y) r{T)* 


0 < n(T) + 


0 


K . 


and 


p ^ I 0 hy{y) 'j 


,0 0 


+n(T) 


0 o' 
Siy) 0 , 


0 hy{yY 
,0 0 


r(T) 


n(T) + n(T) 


P(T) + K 


0 O' 

hy{y) 0 , 


-yhy{y)*hy{y) 0 


0 


K, 


'P{T) + hy{yYT{T) + nTYhyiy) +hy{yYP{T)hy{y) - phy{yYhy{y) r(r)*+ hy{yYP{Ty 
^ TiT) + PiT)hyiy) PiT) + K ^ 
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By choosing /i > 0 small enough and K > 0 large enough, we see that the above is implied by the following: 


l^r(r) p{t) + k) ^ ’ 

/P(T) + hy{yyT{T) + r{Trhy{y) +hy{yrP{T)hy{y) r(T)* + hy{yrP{T)\ ^ ^ 
\ TiT) + PiT)hyiy) P{T) + K 


for some ^ > 0. This will further be implied by 


P(T) ^ <5, P{T) + hy{yrT{T)pT{Tyhy{y) + hy{yrP{T)hy{y);^5, 


for some ^ > 0. Hence, to summarize, at t = 0,T, it suffices to have (7.2)-(7.3). 

Now, we look at t G (0,T). One needs 

V m -k) 

for some ii,K >0. The left-hand side is affine in p. Hence, the above is true for all p G [0,1] if and only if 
it is true for p = 0,1, i.e.. 


^n(t)M(t)-HM(t)*n(t)-Q(t)-Kp n(t) 

V n(t) -K 

^n(t)B(t, y, V') +B(t, y, V')*n(t) +n(t)M(t) +M(t)*n(t) - Q{t)+p ® 

V m 




for some p,K >0. These are implied by the following: (by letting p > 0 small enough) 


(7.9) 
and 

(7.10) 


n(t)M(t) M(tyu{t) - Q{t) n(t) 


n(t) 


-K 


^ -(5, 


(y, y) p i(t, y, yyu{t) + n(t)M(t) -t M(t)*n(t) - Q{t) n(t) 


n(t) 


-K 


^ -S, 


for some 5 > 0. It is clear that (7.9)-(7.10) hold for some large Tf > 0 if (7.4) holds. Further, we note that 
the first condition in (7.4) implies 


J -P{t)M{t) - M{typ{t) + Qyt) y (5, 

[ P{t)M{ty + M{t)P{t) + Qo{t) y 6. 

Hence, for any t G [t,T], using P(P) > S and P(0) < —S, we obtain 

(7.11) P(t) = e^*(^-*)p(r)e^(^-*)-k f e'^“‘^^-*\-P{s)M{s)-M{syP{s) + Qo{s)]e^^^-^^dsyO, 
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and 


(7.12) p{t) = e^‘P(0)e^*‘ - f e^(‘-'’)[P(s)M(s)*+M(s)P(s) + Qo(s)]e^*^*“"^ds ^ 0. 

Jo 

In particular, (7.7) holds. This proves that under (7.2)-(7.4), !!(•) is a type (I) Lyapunov operator for the 
generator (6, g, h). 

We can similarly prove that under (7.2)-(7.4), n(-) is also a type (II) Lyapunov operator for the generator 
{b,g,h). □ 


Corollary 7.2. Let (HO) hold and let {h,g, li) G ^2 H Q^. Let n(-) = 


_ P{-) w 


be a mild solution 


r(-) P(-), 

to (5.4) for some M(-) and Q(-) of form (7.1) such that (7.2)-(7.3) hold. Suppose the following hold: 


(7.13) 


[ n(t)M(t) + M{t)*U(t) - Q(t) ^ -<5 - £, t G [0, T], 
n(t)]B(t, y, Ip) + B(t, y, ip)*U{t) < £, {t, y, V^) e(0,T)xXx X, 




for some S,e > 0. Then n(-) is both a Lyapunov operator of types (I) and (II) for {b,g,h). In particular, 
this is the case if the following holds: 


(7.14) 


for some S,e > 0. 


f Qit) 5 + e, t G [0,T], 

[ n(t)B(t,y,'0)+B(t,y,'0)*n(t)^ e, {t,y,tj})G{0,T)xXxX, 


Proof. It is clear that (7.13) implies (7.4). In particular, by letting M(-) = 0, we see that (7.14) implies 
(7.4). □ 

We note that condition (7.13) is more convenient to check than (7.4). Next, we look at some concrete 
special cases of Theorem 7.1, which will be more practically useful. We first present the following result. 

Lemma 7.3. Let (HO) hold and pi,po,qo,qo,9,y G K and m,m> —ctq. Let 

iM{t)=mI, M{t)=fhl, 

\ Qoit) = qol, Qo{t) = qol, Q{t) = 01. 

The mild solution n(-) of (5.4) satisfying 

(7.16) P(r)=Pi/, Pi0) = -pol, r(T) = yI, 

is given by the following: In the case A* = A, for any t G [0,T], 


n(t) = 


2{A-m){T-t) 


(7.17) 


Pie 

\^ryQ{rh-m){T-s) Qe 










1 I - m)-'^[e^A-m){T-t) _ j] 


0 -qQ{A-m)-\e^A-ffdt - 

and in the case A* = —A, for t G [0, T], 


( 7 . 18 ) n(t) = 




_[poe-2-‘ + ^(l-e-2-‘)]/ 
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In the above, the following convention is adopted: 

1 _ g-aP 

(7.19) 

In particular, if 

(7.20) 


if a = 0 . 


a 


then in the case A* = A, for m € K(A) and t G [0, T], 

n(i) = ([7 + d{T - t)]I^ 

(7.21) 


[7 + e{T - t)]I 


— ml ™)(^ *) — 


1 / qo{A - m) i[e 


I] 


2y 0 

and in the case A* = —A, for t G [0, T], 


0 


-qo{A-m) ^[e 


I], 


(7.22) 


n(s) = 


[7 + eiT - t)]i 
Further, if m = fh = Q, then, for A* = A, t G [0, T], 

'(pi + f ^-i)e2^(^-*) + f A-i 


Poe 


[7 + e{T - t)]i 

-2m{s-t) 1-e 


2m 


(7.23) n(i) = 
and for A* = —A, t G [0,T], 

(7.24) 


[7 + e{T - t)]I 


[i + e{T-t)]i \ 

-(po + f>l-^)e2^‘ + f7l-i i ’ 


([pi F qo{T - t)]I [7 + 6 »(T - t)]/^ 


n(t) = 


V [7 + d{T - t)]I -[po + qot]I 
Proof. With the choice of (7.15), we have 

rT 


(7.25) 


and 


= +90^ tG [0,r], 


P{t) = e(^-™)*P(0)e(^-™)*‘ - [ e(^"™)(*“")Qo(s)e(^-™)*(*"")(is 

Jo 

f g(A-m)(t-s)g(A-rn)*(t-.)^^^ tG[0,T]. 

Jo 


(7.26) 

Also, in the current case, r(-) satisfies 


= - 90 


r(t) + (to — m)r(t) + 01 = 0, 


which leads to (with T{T) = 7 J) 


(7.27) 


r r'^ 

r(t) = + 6 » J 






/ = r(t)*, tG[o,T]. 
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When TO — m = 0, the above is understood as 

(7.28) T{t)=[j + e{T-t)]l, t€[0,T]. 


We now look at two cases. 

In the case A* = A, (7.25) and (7.26) become 

(7.29) P{t) = + y (A - to)-i [e2(^—- /], t £ [0, T], 

and 

(7.30) P(t) = -poe"^^”™^‘-^(^-TO)-i[e2(^-™)‘-/], tG[0,r]. 


In the case A* = —A, (7.25) and (7.26) become 

(7.31) t S [0,T], 

with the above understood as follows when to = 0 , 

(7.32) p^t)= (p,+qo{T-t)y, te[0,r], 

and 

(7.33) P(i) = -(^p^e-^rnt ^ j\-2rnit-s)^^y ^ “ C-^™*))/, t G [0,r], 

with the above understood as follows when to = 0 , 

(7.34) p^t) = -{po + qot)l, tG[0,T]. 

The rest conclusions are clear. □ 

Combining Theorem 7.1 or Corollary 7.2 with Lemma 7.3, we can present many concrete cases for which 
the corresponding FBEEs are well-posed. For the simplicity of presentation, we only consider below the case 
that (7.20) holds. First, we present a simple lemma. 

Lemma 7.4. Let 

/(k) = ae~'^ + j3 - , K > 0, 

K 

with a, /3 > 0. Then k i—;• /(/t) is decreasing on (0, oo) and 

0 = lim /(k) = inf /(k) < sup /(k) = lim /(k) = a + p. 

K^OO K>0 K,>0 


Proof. We note that 


r{K) = -ae-^+P- 




Ve« 


— I — KN 


< 0 . 


Then our conclusion follows immediately. □ 

Theorem 7.5. Let (HO) hold and let {b,g, h) G G 2 <^G 3 . Suppose there are constantspi,po, qo,qo,S,S,e > 
0, TO > —(To, and 7, d G R such that 


(7.35) 


Pil + -f[hy{y) + hy{y)*] - 


Poe 


-2{<to+ m)(T-t) 


foil - e-2(<"0-H™)(T-t)) 


2((To -I- to) 


hyivThyiy) > S, 
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90- 


_ 2 -2(<To+m)(T-t) 

(To+m 


(7.36) 


90 


^ 6 + e , 


Vi G [o,r]. 


Then the corresponding FBEE is well-posed if one of the following holds: 
(i) In the case A* = A, it holds that 


(7.37) 


Pie 


2(A-m){T-t) 
0 


0 


+ [j + 0{T-t)] 


0 r 

I 0; 


y, V') + B(i, 2/, V') 

'o I 


* / Pie 


2{A—m) (T—t) 

0 




t,y,i>) -\-'B{t,y,'ipy 


2 L 


%(A - m)-i[e2(^-™)(^-*) - /] 


,/ 0 , 


0 


0 


^ 0 -nn( A - - 


-qo{A - m)-i [e2(^-™)* - /] j 
0 

-go (2l-m)-i [62(^4-™)*-/] 


<e. 


(ii) In the case A* = —A, it holds that 


'Pie 


— 2m{T—t) 
0 


-Poe 


— 2mt 


t,y,y) +B(i,7/,'0) 


* (Pie 


— 2m{T—t) 

0 


-Poe 


— 2mt 


(7.38) +[^ + 0(T-i)] 


0 /' 




90-2;?^-^ 

. 0 


S l-e" 
“90—27r 


-I, 


,y,y) + ^it,y,yy 


90 2m 

0 


-90 


l-e“ 


< e. 


Proof, (i) We consider the case A* = A. First of all, by taking 
(7.39) P(T) = pj > 0, P(0) = -Pol < 0, 

we see that (7.2) holds. Next, to get (7.3), we look at the following (recalling (7.33)): 

P{T) + hy{yyT{T)+T{Tyhy{y) + hyiy)* P{T)hy{y) 

= pil + ^[hy{y) + hyiy)*] - hyiy)* + y (A - m)"^ [g2(A-m)r _ 

Let us estimate the quadratic term in hy{y) on the right hand side of the above. To this end, we observe 
the following: For any r > (Tq (recall m > —(Jo), 


+ «r(i e-^(y.q ^ ^ 

2(r + m)l K 


with K = 2(t + m)T ^ 2(ao + m)T > 0. By Lemma 7.4, we have 

sup /(«) = /(2(ao + m)T) = + 9 o(l- e ^-°+^) ^ 

K>2(cro+m)T A(ao + m) 
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By the spectral decomposition of A, making use of (7.35), one has 


P(T) + hy{yrT{T) + TiTrhy{y) + hyiy)* P{T)hy{y) 

= Pil + j[hy{y) + hy{y)*] - /ly(y)*- m)-^ [g2(A-m)T _ j^'^hy{y) 

hyiyThyiy) > S, 


^ pil + -f[hy{y) + hy{y)*] - 

which gives (7.3). Next, note that (in the case fh = m) 


. , <?o(l - 

2 ((To + m) 


(7.40) 


-n(t)M(t) - M(t)*n(t) + Q{t) 


(-2mP{t) + qol 

V 


V 

2mP{t) + qol j 


We now look at the following (noting (7.29) and (7.30)); 


-2mP{t) + qol = -mqoiA-m)-^ ^g2(A-m)(T-t) 


and 


2mP(t) + qol = -2mpoe^^^"’")‘ - mqo{A - m)"^ _ j] + go/ 

= -2mpQe2(^-’")‘ + qo[A- (A - m)-\ 

Similar to the above, for any t > uo and m > — (Tq; we have (r + m > 0) 


—2mpie 


-2{r+m){T-t) go(T + me 2(r+m)(r t)^ 


T + m 




— ^il'p“2(T+m)(T-t) _ 


1 ) 




2(t + m)(T — t) 
= qo- /(k). 


= qo 

with K = 2(t + m){T — t) > 2(ao + m){T — t). By Lemma 7.4 again, we have 

T + m 

^ go - sup /{k) =qo-f{2{ao + m){T-t)) 

K^2((To+m)(T —t) 

2mgo(e“^(‘^“+™)(^“*) - 1) 


(7.41) 


= go - 2mpie-2(‘^«+™)(^-‘) + 


= go 


= < 70 - 


2to( 1 - e-2(<To+m)(T-t)) 


1 - 

2 ((To + ’m) 

ao + 

CTO + TO 


2(cro + to) 

- 2TOpie-2('"«+'")('^-*) 


- 2TOpie-2(<^o+m)(T-t) 


Similarly, 


^ go - lim /(k) = go[l + 2(To(r - t)] + 2aopi. 

K—)-0 


42) T + TO L 2((To + to) j 

_ I ™ 2(cro+m)t 

^ go-^^-^-2TOpoe“^^'^"+™^* ^ go[(l + 2croi] + 2croPo- 

(To + w 
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Consequently, using the spectral decomposition of A, we have 


n-n -I- 

-2mF(t) + qol > go ° -2mpie-2(-°+-)(^-‘), 

CTo + m 

rrn -I- mp- 2 (CTo+m)i 

2mP(t) + go/ > go-2mpoe“"("“+™^*. 

(Jo + m 


Hence, 


-n(t)M(t) - M(t)*n(t) + Q(t) = 


^—2rapie'^^^ ’"K't *) 


ei 


01 


—2mpQe^^^ 




/go[H — 1 0 

y 0 go[H — — m)“^^ 

I ^_2(o-o+m)(T-t)j) ^ VtG[0,T], 


0 


Poe 


for some 5 > 0, provided (7.36) holds. Then by (7.37), together with the representation of n(-) from Lemma 
7.3, we have 

n(t)B(t, y, Ip) + l(t, y, ip)*Il{t) ^ e. 


Hence, Corollary 7.2 applies. 

(ii) We now consider the case A* = —A. Again, we still have (7.2) by (7.35). Next, for the current case, 
recalling (7.30), 


PiT) + hy{y)*r{T)+r{T)*hy{y) + hy{y)* P{T)hy{y) 

= pil + -/[hyiy) + hy{y)*] - ^ ~ hy{y)*hy{y) ^ 5 . 

This leads to (7.35) with ao = 0. In the current case, we still have (7.40). We observe the following (noting 
(7.31) and (7.33)): 


and 


Hence, 


-2mP(t) + go/=-2m^pie *^))-f+'?o/ 

= -2mpie-2™(^-*) + goe-2™(^-*) = (go - 2mpi)e-2’"(^-‘), 

2mP{t) + go/ = -2m(^poe“^’"‘ ~ + 9o/ 

= -2mpoe“^™* + goe“^™* = (go - 2mpo)e“^™*, 


-n(t)M(t) -M(t)*n(t) + 

/ (go — 2mpi)e“^’"(^“‘^/ 

^ I 01 


01 

(go - 2mpo)e“ 


> 6 , 


vte [o,r]. 


0 

(go - 2mpo)e 


— 2mt 


> 0 , 
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for some (5 > 0, provided 

f (go — 2mpi)e~‘^'^^'^~*^ 


'it G [0, T] 






which is implied by (7.36) with ao = 0. The rest proof is obvious. □ 

Corollary 7.6. Let (HO) hold, and let {b, g, /i) £ C/2 H O 3 . Let pi,po, Qo, Qo, <5, 5, e > 0, 7 G R such that 
(7.43) Pi + jlhyiy) + hy{y)*] - (po + qoT)hy{y)*hy{y) > S, 

and 

f qo[l + 2 ao{T - t)] + 2 aopi 6 


(7.44) 


^ S + e, 


\ 9 go[l + 2crot] + 2croPo^ 

Then the corresponding FBEE is well-posed if one of the following holds: 
(i) Eor the case A* = A, the following holds: 


t £ [0,T]. 


f Pie 


2(A-t-ao)(T-t) 
0 


_p^jA+.o)t ) 9’ 


2(A+(To)(T’— t) 

0 




+ [j + 0(T-t)] 


0 r 


(7.45) 


oy 

^qo{T - t)q{{A + CTo)(r - t)) 


y,ip) -{-M{t,y,i{jy 


'0 r 
J 0, 


0 


+l(t,y,'0) 


0 -qotq{{Aao)t)^ 

JqoiT-t)q{{A + ao){T-t)) 0 


M{t,y,ip) 


0 


where 

(7.46) 


e” - 1 


q{K) = 


-qotp{{A + (To)t)^ 
K^O, 

K = 0. 


^e, 


(ii) For the case A* = —A, the following holds: 

f[pi + qo{T-t)]I [j + 0{T-t)]l'^ 

(7.47) 


[7 + 6 l(T-f)]/ -[po + qot]I 


E(t,y,V') 


Proof. By letting m ^ —ao in (7.35) and (7.36), we have (7.43)-(7.44). Thus, when (7.43)-(7.44) hold, 
for m sufficiently closes to — ctq, (7.35)-(7.36) hold. 

(i) For the case A* = A, we note that 

g2(/i-m)(T-/) _ ^ 


-(A- -I]= f 

2 J<7 


n/ \ dEfj_. 

(A) 2 (^ - m) 


By the definition of p{-), we have that 

g2(/i-m)(T-t) _ Y 


2(/i — to) 


= (T - t)q{2{p. - m){T - t)), 


and 


lini i(H - TO)-i[e^-™)(^-‘) -I] = {T-t) ( p{{p + ao){T - t))dE^ 

= {T -t)p{fA +ao){T -t)). 
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Then sending m —>■ —(Tq in (7-37), we obtain (7.45). 

Now, for the case A* = —A, by sending m —)• 0, we obtain (7.47). □ 

Although the conditions stated in Theorem 7.5 and Corollary 7.6 still look lengthy, they are practically 
checkable. To illustrate this, let us look at an interesting situation covered. 

Corollary 7.7. Let (HO) hold and {b,g,h) G Q 2 Let 


(7.48) 

hy{y) + hy{y)* > 0, 

Vj/GX 

Let 

1 

f Bii(t,y,ip) = B 22 (t,y,^)*, 


(7.49) 

1 Bi2{t,y,ip)Bl2it,y,'ip) ^0, 

[ B 2 i(t, y, Ip) + B 2 i{t, y, ip)* ^ 6. 

{t,y,iP)G[0,T]xXxX, 

for some <5 > 0, and 



(7.50) 

po{t)B22 -\-B22po{t) ^ 0, 

vtG [o,r], 

where 



(7.51) 

_ I -b qotv{{A -b ao)t) , if A* = A, 

\ [Po + qot]I, if A* = -A, 


with pi,qo,po,qo > 0 and r]{-) is defined by (7.46). Then the FBEE generated by {b,g, h) is well-posed. 

Proof. First of all, by (7.48), and the boundedness of hy{-) (since {b,g, /i) G ^2 C ^3), we can find pi > 0 
large so that (7.43) holds, and 7 > 0 is allowed to be arbitrarily large. Also, by letting 0 = 0, we see that 
(7.44) holds, as long as qo,qo > 0. Next, we define 


(7.52) 


p^g2(A+.o)(T-t) ^ ^ ^ 

[pi+qoiT-t)]I, ifA* = -A. 


Then according to Corollary 7.6, the FBEE is well-posed if the following holds: 


^ \ ll -Poit)j ^-^21 -822) \Bl2 -B22) \ ll -Po{t)j 

^ fPiit)Bii - 7H21 piit)Bi2 - 7^22^ fBl^pift) - 7HJ1 yBl^ + B^^po{t)\ 

y 7 Hii -f pQ{t)B21 7H12 -f pQ{t)B22 J \Bl2Pl{t) - IB22 IBI2 + B22pQ{t) j 

^ /pi( 0 ^ii+-SnPi(t)- 7 [S 2 i pi(t)Bi2-\-B^.^po{t) \ 

\ ^12Pl W +Po{t)B21 Po{t)B22 + B^2Po{t) + i[Bi 2 -f Bf^] J 

This is equivalent to the following: 


fe 7[i?2i -f B 21 ] — [pi(t)Hii -I- BiiPi{t)] 
\ -[Bt2Pi{t)+Po{t)B2i] 


-[pi(t)Hi2 -bBJiPo(i)] 

e - 7 [Hi 2 -b BI 2 ] - [pQ{t)B 22 + B^ 2 Po{t)], 


^ 0, 


which is implied by 


7[H2i -b B 21 ] - [piit)Bii -b Bl^pi{t)] > 0, 
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and 


e - 7[i?i2 + Bl^] - [P^{t)B 22 + i?2*2Po(i)] 

-[BMt) +Po{t)B2i](l[B2i+B*^] - [pi(i)Bn +Bi>i(i)])"'[pi(t)Bi2 +B*iPo(i)] ^ 0. 


Note that 


[p[B 2 i + B21] - [Pi{t)Bii + -BiiPi(t)]) 

-■—\\{B 21 + B21) ^11 (l - {B21+B21) ^[pi{t)Bii + B^^pi 

"t \ "i 


1 


^11(^21 +B21) 


11(521 +^ 2 * 1 ) 


7 ' 

* ^-l| 


7 - ||(i?21 + i?2*l)-MPl(05ll + 5 i>i(t)]|| ' 
Therefore, it suffices to have (note (7.49)-(7.50)) 


e > 


l|5i2Pl(t) +Po(052l|P||(521 + B 21 ) 


-ll 


7 - 11(521 + B 21 ) '^[pi{t)Bii + i?iiJ3i(t)]|| ’ 
which can be achieved by letting 7 > 0 sufficiently large. Then our conclusion follows. 
Let us look at some more cases. 

Corollary 7.8. Let (HO) hold. Suppose {b,g,h) € f /2 H C /3 such that 
(7.53) hyiy) + hyiy)* ^ 0, ^y G X, 

and 


(7.54) 


0 n 

I Oi 


M{t,y,i{j) +M{t,y,ipy 


0 r 

I 0 , 


^-< 5 , V(t,2/,V') G [0,r] XX XX, 


for some (5 > 0. Then the corresponding FBEE is well-posed. 

Proof. First, by letting pi,po, Qq, Pq > 0, with qq, po > 0 suitably large, we will have (7.44). Then letting 
Pi > 0 large, we will have (7.43). Next, by noting 


0 ^ p{k) ^1 , Vk < 0 , 


we see that under the condition (&, g, h) G Ga, either A* = A or A* = —A, we always have the boundedness of 
all the terms involved in the left-hand sides of (7.45) and (7.47), respectively. Hence, under condition (7.54), 
we can find 7 > 0 large enough so that (7.45) and (7.47) holds, respectively. Due to the condition (7.53), by 
letting 7 > 0 large, (7.43) will not be affected. Then Corollary 7.6 applies to get the well-posedness of the 
corresponding FBEE. □ 

Note that (7.54) is equivalent to the following: 


(-[dvit, y, y) + Qy^, y, y)*] by{t, y, if)* - g.^{t, y,y)\ ^ 
\ by{t,y,il}) - g^{t,y,ip)* b^{t,y,ip)+ b^{t,y,ip)* j 


V(t, 2 /,V’)G[ 0 ,T]xXxX. 


This is further equivalent to the uniform monotonicity of the following map 


(y\ ^ \ 

V^/ v-KC 2 /,V')/ 
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in the sense that for some i5 > 0 , 


( 


\ (y-y 


+ b{t,y,ip) j ' \ip --ip 


7 ) > <5(11?/-yf + ||?/>-?/^f), Vt e [0,T], y,y, ?/>,?/> e X. 


It is possible to cook up many other cases from Theorem 7.5 and/or Corollary 7.6, for which the corre¬ 
sponding FBEEs are well-posed. Let us list some of them here. 

Corollary 7.9. Let (HO) hold and {b,g, h) G O 2 riQs. Then the corresponding FBEE is well-posed if 
one of the following holds: 

(i) For some S,£ > 0, 

I + hy(y) + hy{y)* ^ <5, Vy € X. 

In the case A* = A, for all {t, y, ip) S [0, T] x X x X, 


^2{A-\-a‘Q){T — t) j\ 


M{t,y,ip) +M{t,y,ip)* 


\ I 0^ 

and in the case A* = —A, for all (t, y, ip) G [t,T] x X x X, 


^ ^2{A+ao){T-t) 

I 0, 


^ 0 , 


(/ gj +®(C2/,V')* 0 ) 

(ii) For some (5, e > 0, 

I - hy{y)*hy{y) ^ S, Vy G X. 
In the case A* = A, for all {t, y, ip) G [0, T] x X x X, 


^2{A+aQ)(T—t) 


0 


t,y,ip) + M{t,y,ip)* 


p2(A+(7o)(T—i) 

0 


32(A+(7o)i 

and in the case A* = —A, for all (i, y,'0) G [O^T] x X x X, 

(7.55) ]B(t, y, Ip) + l(f, y, ip)* < 0. 

(hi) For some <5, e: > 0, 

(7.56) I + hy{y) + hy{y)* - hy{y)*hy{y) ^ S, Vy G X. 
In the case A* = A, for all {t, y, ip) G [0, T] x X x X, 


0 

j2(A+(7o)t 


< 0 , 


(7.57) 


g2(A+cro)(T—i) j \ I g2(A+cro)(T—i) 


and in the case A* = —A, for all {t,y,ip) G [0,T] x X x X, 
(7.58) 


I 

£, 2 (A+cro)i 


^ 0 , 


'I r 

.1 I, 


,y,ip) +M{t,y,ip)* r A 0 . 


Proof, (i) We take pi = 7 > 0 large enough and take po, qo, qo > 0 small enough, 0 = 0. Then we may 
apply Corollary 7.6 to get our claim. 

(ii) and (iii) can be proved similarly. □ 

Inspired by the above result, it is easy for us to prove many other results of similar nature. We prefer 
not to get into exhausting details. 
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8 More General Cases 


In this section, we will briefly consider some more general cases. 

First of all, we consider the case {b,g,h) € Q 2 , i.e., the generator {b,g,h) only satisfies (H2), and might 
not be Frechet differentiable in {y, tp). Such a situation happens in many optimal control problems. To study 
such a case, let us recall some results from [20]. 

Let f : X X he Lipschitz continuous and y £ X. For any linear subspace L C X, we define 
L-Gateaux-Jacobian DLf{y) G C{L; X) by the following (if the limit exists): 

DLf{v){x) = f'iy; x) = lim \/x G X. 

The set of all points y G X for which D^fiy) exist is denoted by Next, we let 

dLfiy) = n ^ [oLfiy) I y e \\y - y\\ ^ 

5>0 

and define the generalized Jacobian of /(•) at y by the following: 

9f{y) = 1^' G jC{X;X) I ^'1^ G dLfiy), subspace of x|. 

For any y,z G X, define y®z: C{X) —>• R by 

{y ® z)(^') = (^'(j/), 2 :), VT G CiX). 

Then y (g] z G £(£(X); R). Let 

X ® X = spanjy (gz I y,zGX}C£(X)*. 


The weak topology induced by X(gX on C{X) is called the weak*-operator-topology, denoted by jJiX). The 
following can be found in [20]. 

Proposition 8.1. If f : X ^ X is Lipschitz near y, then dfiy) is non-empty, bounded, and pi(X)- 
compact. 

More interestingly, we have the following mean-value theorem (see [20], Theorem 4.4). 

Proposition 8.2. Let f : X ^ X be locally Lipschitz. Then for any y,y G X, 


fiy) - fiy) e 


CO 


U dfiy + Xiy-y 


(y 


y)- 


With the above preparation, we now consider the case that [b,g,h) G Q 2 - Naturally, we need only to 
define 

by b.,j, \ 

~ 9 y 


is,y,'ip) = 


with 


by G dyb{t,y,ip), b,p G d,f,bit,y,'ijj), gy G dyg{t,y,'ijj), g^j, G d.^g{t,y,ip). 

Then, all the results from previous sections for (6, g, h) G G2 fl Q3 can be carried over properly to the case 
ib,g,h) G Q2. 
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Next, we consider {b,g,h) S Gs, i-e., the generator {b,g,h) may be not globally Lipschitz with respect 
to y and/or tp, or equivalently, the Frechet derivative of (y,'/’) i—>■ {b{t,y,'ip), g(t,y,ip),h(y)) might be not 
bounded. In such cases, a priori uniform boundedness of the mild solution (?/(•),'/’(')) could play an essential 
role. Let us indicate one such a case. To this end, we introduce the following 

(H3)' In addition to (H3), there is a non-decreasing function / : [0, oo) ^ [0, oo) such that 


( 8 . 1 ) 


\\byii^y^i’)\\ + + \\gyit,y.'<P)\\ + \Mt,y.'<P)\\ + \\hyiy)\\ < /(||y|| + ||^/>||), 

V(t,y,V') G [0 ,T]xXxX, 


Moreover, 


( 8 . 2 ) 


{b{t,y,iP),y) ^ L{1 + ||?/f), 

(5(i,y,'0),'0) < i(i + llV'in, 


V(t,y,^) G [0,T]xXxX. 


Under (H3)', if (?/^(-)i'0 a(')) is a solution to (5.27), then 

lll/AWf = + 2 / {yi{s),Axy^^{s)+pb{s,yP^{s),pjP{s))+bois))ds 

Jo 

^ Ikf+ 2L^ (l + Il2/A(s)f + llyA(s)ll ll^o(s)ll)c^s- 

Then by Gronwall’s inequality, we have 

||yA(-)lloo !Pk(i + \\x\\+ ||6o(r-)||dry 

Similarly, 


IIV'aWIP = II^A(^)f -2^ (V'a(s):-^aV'a(s) -P5(s,yA(s)>A(s)) -9o{s)}ds 

^ mT)r + (l + Ui{s)f + ||V^^(s)|1 \\go{s)\\)ds. 

Hence, it follows from Gronwall’s inequality that 

iiv^^(.)i|oo ^k{i + wrxim+ iigo(s)iM.) 

^ k(i + ||h(0)|| + f{\\yiiT)\\)\\yiiT) + llholl + £ ||5o(s)IMs) < K. 

Gonsequently, the relevant proofs will go through as if (H4) is assumed. 

For concrete PDFs, there are some other ways to obtain uniform boundedness of the (weak) solutions to 
the system. We will see some of such below. 


9 Several Illustrative Examples 

In this section, we look at several examples. 
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Example 9.1. (Linear-Convex Optimal Control Problem) Consider an optimal control problem 
with a linear state equation: 

f v{i) = + Bu{t), 

\ 2/(0) = a;, 

and with the cost functional 

J{x\u{-)) = j (Q{y{t)) + ^{Ru{t),u{t))'^ds + G{y{T)), 

where y i—^ Q{y) and y i—^ G{y) are G^ and convex. Then Pontryagin minimum principle leads to the 
optimality system: 


f y{t) = Ay{t) - BR 

(9-1) < ip{t) = -A*-iP{t) - Qy{y{t)), 

iy(0) = x, ^{T)=Gy{y{T)). 

In this case, we have 


=-BR ^B*ip, g{t,y,ip) = Qy{y), h{y) = Gy{y). 


Thus, 


Then 


by{t, y, tfj) = 0, b^{t, y, ip) = -BR 

9y{t, y, V') = Qvviy), 9ip(t, y, V') = O, hy{y) = Gyy{y). 


^{t,y,ip) = 


0 


-BR-^B* 


Qvviy) 0 


Hence, under conditions 


R^S, M^Gyy{y)^0, M^Qyy{y)^S, yyex. 


for some M,S > 0, all the conditions of Corollary 7.7 hold, and the FBEE (9.1) admits a unique mild 
solution. A further special case is the following: 

Qiy) = \{Qy^ y)^ ^iy) = y)^ 

for some Q,G € S+(A). In this case, the FBEE can be written as 


f m = Mt) - BR-^B*m, 

(9-2) < ^(t) = -A*ip{t) - Qyit), 

[2/(0) = a:, pjiT)=GyiT). 

Hence, according to the above, when 


R^S, G > 0, g > (5, 

for some 5 > 0, the FBEE (9.2) admits a unique mild solution. 
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Example 9.2. (AQ Problem) For the simplicity of presentation, we let S{-) = 0, and assume that all 
the involved functions are time-independent. Then the optimality system reads 

f yit) = Ay{t) + F{y{t)) - BR-^ 

(9-3) < - Qy{y{t)) - Fy{y{t))*ilj{t), 

iy(0) = a:, -ipiT) = Gy{y{T)), 
with A* = A or A* = -A. Thus, 


I b{t, y, Ip) = F{y) - 

(9-4) I 9i.t, y, V') = Qviy) + Fyiy)*^), 

i h{y) = Gv{y)- 

Let {^„}n>i he an orthonormal basis of A, under which we may let 

OO OO 

F{y) = ^ ^ ^ r{y)in. 


Then 


Thus, 


and 


Hence, 


Fy(.y)z= lini ^ (/^(y), 2 :)^„ = fy {y)]z. 


(5->0 


Fy{y) = ^^n®f;{y), 

n—1 

OO OO 

Fy{y)*ij = '^[fy{y)(^^n]ij = ^fy{y){^n,'>P)- 

n—1 n—1 

OO 

{Fy{yri’]y = E fyyiy){^n,^) G S(A), Vy G A. 


n—1 


Consequently, 


by{s,y,'ip) = Fy[y), b^[s,y,ip) = -BR-^B*, 

9 y{s,y,'ip) = Qyyiy) + [Fy{y)*tp]y, g^{s,y,'ip) = Fy{y)* = by{s,y,-ip)*, 
by{y) = Gyy{y). 


Then 


B(s,y,' 0 ) = I 

From this, we can calculate 

(q 

U 0, 


Fy{y) 


-BR-^B* 


-Qyyiy) - [Fyiy)*^]y -Fy{y) 


Bn Bn 
—B 21 —B 22 , 


is,y,ip) + M{s,y,ipy 


0 r 
.1 0 , 


= -2 


-[9yis, y, Ip) + 5y(s, y, Ip)*] by{s, y, y)* - g^{s, y, tp) 
byis,y,tp) - g^{s,y,'>p)* b^{s,y,tp) + b^{s,y,y)*^ 

Qyyiy) + [Fyiy)*^^ 0 \ 

0 BR-^B*j 
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Next, we note that if ip{-) is a mild solution to the backward evolution equation in (9.3), we have 


HitW = IIV'(r)|P + 2^ {[A + Fy{y{s))]^{s) + Qy{y{s)),ij{s))ds 

^\\Gy{yimf + ^f\\Qy{y{sm wmwds 

Then 

^{t) = ~ 2 ||Qy(-)||oo||' 0 (^)ll ^ — 2||(5y(-)||oo'\/V^(i), 

which leads to 

(vVW) ^ -||( 5 y(-)l|oo. 

Then 

pT _ , 

WmW = ^/W) = VW) -1 (v^) ds<||G,(-)l|oo + ||Qy(-)lloor, vt€[o,r]. 

Hence, 

WFyiyT^W = ||F,(y)|| liv^ll ^ ||F,(2 /)||(||G,(-)||oo + IIQ,(-)lloor), 

VIIV'II ^ (l|G,(-)l|oo + ||gy(-)lloor). 

Consequently, if we assume 

j Gyy{y) ^0, Vy e X, 

\ Qyyiu) ^ II'^ 2 /( 2 /)II (l|Gy(-)l|oo + l|Qy(')llooT'^ + Vy £ X, 
for some (5 > 0, then (9.3) admits a unique mild solution, by Corollary 7.8. 

Example 9.3. (Optimal Control of a Parabolic PDE). We now consider an optimal control problem 
for a parabolic equation. Such a problem was studied in [23]. The controlled state equation reads: 


2 /i = Ay - (A + u)y + f, in (0, T) x ft, 

(“) i/U = o. 

[ y(0,x) = yo(a;), x G H, 

where y{t, x) is the state and u{t, x) is the control, and H C H.” is a bounded domain with smooth boundary 
dfl. The cost functional is the following: 

(9.6) J{u{-)) = ^f f (^L\y-yd\'^ + Nu'^'^dxdt+^ f M\y{T,x)-z{x)\'^dx. 


We assume that 

jfit,x)^0, yd(t,x)^0, (t,a:) G (0,T) X H, 

[ yo{x) ^ 0 , z(x) ^ 0 , X € n. 
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According to [23], optimal control exists and the optimality system reads: 


(9.7) 


yt = Ay-Xy- —ipy'^ + /, in (0,T) x O, 

tpt = -Atp + XiIj+ - L{y - yd), in (0, T) x Q, 

y\dQ ~ ~ 

^y{0,x) = yo{x), il){T,x) = M{y{T,x) - z{x)), x € O, 


Then we have 


Hence, 


Then 


b{s, y, ■)p) = -Xy - —tpy'^ + /, 

9 {s, y, V') = ~ yd)- 


2 1 2 
^v = -^-^y'^^ ^'i’ = ~^y ^ 

1 2 2 
9y = L-j^'ip , sv- = = by 


1 n,2 




-A-]v# -j^y 

-L+AV'^ X + ^yil) 


Thus, 


provided '0 is bounded (which was shown in [23]) and N is large enough. 


--1/2 
Ary / 


^ 0 , 


10 Concluding Remarks 

We have discussed the well-posedness of FBEEs which is mainly motivated by the optimality systems of 
optimal control problems for infinite dimensional evolution equations. We have presented some basic results 
from two approaches: the decoupling method and the method of continuity. It is seen that the theory is far 
from mature and many challenging questions are left open. Here is a partial list of these: 

• In the direction of decoupling method, it is widely open that how one can construct decoupling field, 
through solving a PDE in Hilbert space. 

• In the direction of method of continuity, more careful analysis is need to make the stated condition 
easier to use. 

• More general generators A other than A* = A and A* = —A. Also, taking into account of PDEs, the 
generator (b,g,h) might be unbounded (involving differential operators). 
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11 Appendix. 

Proof of Proposition 4-2. First, we have 



Then 


(p(s)(p(s) = pLty{s)\\y{s)f + lly(s)llllp6,/,(s)^(s) + p(56(s)+(56o(s)|| 
< pLby{s)(p{sf + g:>{s)\\pb,p{s)fi{s)-\-pSb{s)-\-6bo{s)\\ 

= a 2 (s)(p(s)^ + ai(s)ip(s). 


Consequently, 


t{s) < a 2 {s)ip{s) + ai(s). 
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Hence, by Gronwall’s inequality, 


(s)|| ^ ifiis) < 

= ^’’^^'^^‘^^\\pbjij{r)ip{r) + pSb{r)+6bo{r)\\dr 

^ P ^’’^^'^^'^'^\\bp{r)f{r)\\dr + K ||x||+^ ^||(5&(r)|| + ||(5&o(?’)||)(i?’ 

This proves (5.33). We now prove (5.34). One has 

mT)r-ms)r 

= 2(^(r),-H^^(r) - pgy{r)y{r)-pgp{r)ip{r) -p6g{r)-6go{r))dr 


^ -2 

> 2 

which leads to 


p[gp{s) + gp{s)*]ij{s), ^{s)) ■ 


- pLgpir)\\ip{r)\\ - ||V'(r)|| \\pgyir)y{r) + pSg{r) + Sgo{r)\\ 


s) > 1 ds 


IIV'(s)|| ^ ||V'(r)|| +2/ \pLg^{r)\\i;{r)\\ + \\-iP{r)\\ \\pgy{r)y{r) + pSg{r) + Sgo{r)\\\dr = p{s) 


Then 


Thus, 


(p{s)(p{s) = -pLgp{r)\\'4i{s)\\'^ + ||•^(s)|| \\pgy{s)y{s) + pSg{s) + dgo(s)|| 

> -pLg^{r)p{s)'^ + \\pgy{s)y{s) + pSg{s) + (5go(s)||</5(s) = -a 2 (s)(^(s)^ - ai(s).^(s). 

ip{s) + a 2 {s)p{s) > -ai(s). 
p{T) - > - / ai(r)e--/'-^“^(^)'^^dr. 

J S 


Hence, 


r 

s)|| < p{s) < + / ai(r)e-^^''“=(^)‘'^dr 

J S 

^ eP^s ^<i'i^^^">'^'^\\hyy{T) + pSh + (5ho|| + f eP^‘>*^'"'^^^\\pgy{r)y{r) + p6g{r) + Sgo{r)\\dr 

J S 


^ P 


ePl^^^*(^)d^\\hyy{T)\\+ / eP-f^^^^^^'>^^\\gy{r)y{r)\\dr 


+K 


\\Sh\\ + \\Sh4 


Oil + ll'^ffo(Oll)rf»' 


This completes the proof. 

Note that if we let (yo(')) Oo(‘)) be the mild solution of the following: 


(11.1) 


go(s) = ^yS(s) + pb(s,0,0) + bo(s), 
Oo(0 = -A*'<Po(s) - pg(s,0,0) - go(s), 
yl^(t)=x, ip(^(T) = ph(0) + ho. 


s G [t, T], 
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Then 

?/g(s) = + j 0,0) + 6o(?’)]dr. 

Hence, 

||2/o(-)lloo ^ Ikll + J ||p6(r,0,0) + 6o(r)||dr. 

Also, 

V'o('S) = + [ e^*^'^~'‘'>[pg{r,0,0) + go{r)]dr. 

J S 

Hence, 

IIV'o(-)l|oo < ||p/i(0) +/loll + J I|pg(r,0,0)+go(?’)||d?’- 

Now, taking 

Hs, y, '0) = Hs, 0, 0), bo{s) = bo{s), 

9 {s,y,ip) = g{s,0,0), go{s) = go{s), 

h{y) = h{0), ho = ho. 

Then 


(11.2) 

Sb{s) = 6(s, 0,0) - b{s, y^(s), '0 a('®))> ^bo{s) = bo{s) - bo(s) = 0, 
bgis) = g{s, 0,0) - g{s, y^s), Sgo{s) = gois) - go{s) = 0, 

^ Sh = h{0) — h{y^{T)), Sho = Jiq — ho = 0, x = x — x = 0. 

(11.3) 

||y(-)lloo < 

and 


(11.4) 1 

V^(-)lloo < ^^^^^^^^\\gy{r)y{r)\\dr 


52 





